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Abstract. Theory of representations of ^-algebra is a natural development 
of the theory of J-algebra. Exploring of morphisms of the representation leads 
to the concepts of generating set and basis of representation. In the book I 
considered the notion of tower of T*-representations of 5i-algebras, i = 1, 
n, as the set of coordinated T*-representations of 5i-algebras. 

I explore the geometry of affine space as example of tower of representa- 
tions. Exploration of curvilinear coordinates allows us to see how look at the 
main structures of the manifold with afiinc connection. I explore Euclidean 
space over division ring. 
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CHAPTER 1 



Preface 

1.1. Tower of Representations 

The main goal of this book is considering of simple geometry over division ring. 

However I decided not to bind this book by description of affine and Euclidean 
geometry. During description of affine geometry I discovered interesting structure. 
At first I define _D**-vector space V. This is T7k-representation of the division ring 
D in additive group. Then I consider a set of points where the representation of 
£'**-vector space V is defined. This many-tier structure stimulate my interest and 
I returned to exploration of TT^-representations of ^J^-algebra. 

Thus the concept of tower of r*-representations emerged. As soon as I began 
draw diagrams related to the tower of r*-representations, I discovered pattern 
similar to diagrams in paper [11]. Although I did not succeed to carry this analogy 
to its logical conclusion, I hope that this analogy can bring to interesting results. 

1.2. Morphism and Basis of Representation 

Exploring of the theory of representations of S'-algebra shows that this theory 
has a lot of common with theory of ij-algebra. In [7, 8, 9], I explored morphisms of 
representation. They are maps that preserve the structure of representation of ^- 
algebra (or of tower of representations). 

Linear maps of vector spaces are examples of morphism of representations. The 
definition of basis is important structure in the theory of linear spaces. Concept of 
basis is directly linked to statement that the group of morphisms of linear space has 
two single transitive representations. The main function of basis is to form linear 
space. 

The natural question arises. Can we generalize this structure to arbitrary 
representation? The basis is not the only set that forms the vector space. This 
statement is initial point where I started exploring of generating set of represen- 
tation. Generating set of representation is one more interesting parallel between 
theory of representations and theory of universal algebra. 

For some representations, the possibility to find generating set is not equivalent 
to the possibility to build basis. The problem to find the set of representations that 
allow to construct basis is interesting and important problem. I wonder is it possible 
to find effective algorithm of construction of basis of quantum geometry. 

1.3. _D-Affine space 

Like in the case of D-vector space, I can start from considering of D*, -affine 
space and then move to exploring of D-affine space. However I do not expect 
something new on this way. Because I explore operations related to differentiation, 
I start immediately from exploring of D-affine space. 
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1. Preface 



From the moment when I reahzed that afBne space is tower of representations 
and linear maps of affine space are morphisms of tower of representations, I realized 
what form the connection has in manifold with D-affmc connection. However, I 
decided to explore curvilinear coordinates in the affine space before I explore the 
manifold with affine connections. 

Although it was clear in my mind what happens when I change coordinates, 
the picture that I saw appears more interesting then I expected. I have met two 
very important ideas. 

I started from construction of afiine space as tower of representations, it turned 
out, that there exists one more model where we represent vector fields as sets of 
maps.^'^ However these two models do not contradict one to another, but rather 
are complementary. 

Second observation did not come as a surprise for me. When I started to explore 
ZJ-vector space, I was ready to consider linear combination of vectors as polylinear 
form; however I got the conclusion that this docs not change dimension of space, 
and for this reason I did not go beyond exploration of D**-basis. 

It is interesting to observe how new concept appears during writing of book. 
Construction that I made in chapter 8 again returned me to a linear combination 
as sum of linear forms. However at this time I have linear dependence of 1-forms. 
And coefficients of linear dependence are not outside of 1-form, but inside. If we 
consider 1-forms over field, then 1-form is transparent for scalars of the field, and 
there is no difference for us whether coefficients arc outside or inside the form. 

Linear dependence is not subject of this book. I will explore this question in 
following papers. In this book I use this definition assuming that its properties are 
clear from written equations. 

Exploring of curvilinear coordinates also gave opportunity to see transformation 
rule of coordinates of D-affinc connection when we change coordinates. However, I 
think it was luck that I was able to write the explicit transformation law, and this 
luck was associated with the fact that the connection has only one contravariant 
index. I have reason to believe that such an operation, like raising or lowering the 
index of the tensor in Riemannian space can have only an implicit form of record. 

For years affine geometry was symbol for me of the most simple geometry. I am 
glad to sec that I was wrong. At the right moment affine geometry turned out to be a 
source of inspiration. Affine geometry is the gate of differential geometry. Although, 
in order to plunge deeply into the differential geometry, I need good knowledge 
about differential equations, I conclude the book with very brief excursion into 
the manifold with affine connections. It can give to reader the taste of the new 
geometry. 

1.4. Conventions 

(1) Function and map are synonyms. However according to tradition, corre- 
spondence between either rings or vector spaces is called map and map of 
either real field or quaternion algebra is called function. I also follow this 
tradition. 

(2) We can consider division ring D as D-vector space of dimension 1. Accord- 
ing to this statement, we can explore not only homomorphisms of division 



At this time it is not clear whether this model leads me to geometry that Alain Connes 
explores in [14]. Answer on this question requires further research. 



1.4. Conventions 



7 



ring Di into division ring D2, but also linear maps of division rings. This 
means that map is multiplicative over maximum possible field. In par- 
ticular, linear map of division ring D is multiplicative over center Z{D). 
This statement does not contradict with definition of linear map of field 
because for field F is true Z{F) = F. When field F is different from 
maximum possible, I explicit tell about this in text. 

In spite of noncommutativity of product a lot of statements remain to be 
true if we substitute, for instance, right representation by left representa- 
tion or right vector space by left vector space. To keep this symmetry in 
statements of theorems I use symmetric notation. For instance, I consider 
-D*-vector space and ★Z?-vector space. We can read notation D*-vector 
space as either D-star-vector space or left vector space. We can read nota- 
tion D^-linear dependent vectors as either D-star-linear dependent vectors 
or vectors that arc linearly dependent from left. 

We consider algebra A which is finite dimensional vector space over center. 
Considering expansion of element of algebra A relative basis e we use the 
same root letter to denote this element and its coordinates. However we 
do not use vector notation in algebra. In expression a^, it is not clear 
whether this is component of expansion of element a relative basis, or this 
is operation = aa. To make text more clear we use separate color for 
index of element of algebra. For instance, 

a = a''ei 

When we consider finite dimensional algebra we identify the vector of basis 
Co with unit of algebra. 

Since the number of 5^-algebras in the tower of representations is varying, 
then we use vector notation for a tower of representations. We denote the 
set (Ai,...,A„) of 5^i-algebras Ai, i = I, n as A. We denote the set 
of representations (/i,2, /n-i,n) of these algebras as /. Since different 
algebras have different type, we also talk about the set of g^-algebras. In 
relation to the set A, we also use matrix notations that we discussed in 
section [7]-2.1. For instance, we use the symbol ^[1] to denote the set of 
if-algebras {A2, ...,An)- In the corresponding notation (^[1],/) of tower 
of representation, we assume that / = (/2,3, fn-i,n)- 
Since we use vector notation for elements of the tower of representations, 
we need convention about notation of operation. We assume that we get 
result of operation componentwise. For instance, 

r(a) = (ri(ai), r„(a„)) 

Without a doubt, the reader of my articles may have questions, comments, 
objections. I will appreciate any response. 



CHAPTER 2 



Representation of ^-Algebra 

2.1. Representation of ^J-Algebra 

Definition 2.1.1. Suppose wc defined the structure of i^-algebra on the set M ([2, 
12]). We call the homomorphism of i^-algebra 

t:M^M 

transformation of i">algebra M.^^ □ 

We denote 5 identical transformation. 

Definition 2.1.2. Transformations is left-side transformation or T*-transfor- 
mation if it acts from left 

u' — tu 

We denote *AI the set of r*-transformations of set M . □ 

Definition 2.1.3. Transformations is right-side transformations or ★T-trans- 
formation if it acts from right 

u' = ut 

We denote M* the set of nonsingular ★T-transformations of set M . □ 

Definition 2.1.4. Suppose we defined the structure of 3^-algebra on the set *M 
([2]). Let A be ^J-algebra. We call homomorphism 

(2.1.1) f:A^*M 

left-side or T*-representation of 3^-algebra A in i^-algebra M □ 

Definition 2.1.5. Suppose we defined the structure of S'- algebra on the set M* 
([2]). Let A be 3^-algebra. We call homomorphism 

f:A^M* 

right-side or *T-representation of 5-algebra A in .$3-algebra M □ 

We extend to representation theory convention described in remark [7]-2.2.14. 
We can write duality principle in the following form 

Theorem 2.1.6 (duality principle). Any statement which holds for T-k-represen- 
tation of ^-algebra A holds also for i^T -representation of ^-algebra A. 

Remark 2.1.7. There exist two forms of notation for transformation of .^-algebra 
M . In operational notation, we write the transformation A as either Aa which 
corresponds to the T*-transformation or aA which corresponds to the *T-transfor- 
mation. In functional notation, we write the transformation A as A{a) regardless 

^■-'^If the set of operations of i^-algcbra is empty, then t is a map. 
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2. Representation of ^5-Algcbia 



of the fact whether this is r*-transforniation or this is ★T-transformation. This 
notation is in agreement with duahty principle. 

This remark serves as a basis for the following convention. When we use func- 
tional notation we do not make a distinction whether this is r*-transformation or 
this is T^rT-transformation. Wc denote *M the set of transformations of Jo-algebra 
M. Suppose we defined the structure of 3^-algebra on the set *M. Let A be 5^- 
algcbra. We call homomorphism 

(2.1.2) f:A^*M 

representation of 5^-algebra A in io-algebra M. 

Correspondence between operational notation and functional notation is unam- 
biguous. We can select any form of notation which is convenient for presentation 
of particular subject. □ 



Diagram 



M 



f 



A 

means that we consider the representation of S'-algebra A. The map /(a) is image 
of a e A. 

Definition 2.1.8. Suppose map (2.1.2) is an isomorphism of the 3^-algebra A into 
*M. Then the representation of the 3^-algebra A is called eflfective. □ 

Remark 2.1.9. Suppose the T*-representation of 3^-algebra is effective. Then we 
identify an element of 5^-algebra and its image and write T*-transormation caused 
by element a S ^ as 

v' = av 

Suppose the ^T-representation of ^J-algebra is effective. Then we identify an element 
of 3^-algebra and its image and write *T-transormation caused by element a G ^ as 

v' = va 

□ 

Definition 2.1.10. Wc call a representation of 5-algebra transitive if for any 

a,b € V exists such g that 

a = /(5)(6) 

We call a representation of ^J-algebra single transitive if it is transitive and effec- 
tive. □ 

Theorem 2.1.11. T-k-representation is single transitive if and only if for any a,b ^ 

M exists one and only one g £ A such that a ~ f{g){h) 

Proof. Corollary of definitions 2.1.8 and 2.1.10. □ 



2.2. Morphism of Representations of ^-Algebra 
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2.2. Morphism of Representations of 5^-AIgebra 
Theorem 2.2.1. Let A and B he ^-algebras. Representation of ^-algebra B 

g:B^*M 

and homomorphism of ^-algebra 

(2.2.1) h:A^B 

define representation f of ^-algebra A 

f 




Proof. Since mapping g is homoniorphisni of 5-algcbra B into ^J-algcbra *M , 
the mapping / is homomorphism of 5^-algebra A into 5^-algebra * M. □ 

Considering representations of 5^-algebra in i^-algebras M and N, we are inter- 
ested in a mapping that preserves the structure of representation. 

Definition 2.2.2. Let 

f : A^*M 

be representation of S'-algebra A in j^-algebra M and 

g: B 

be representation of 5^-algebra B in i^-algebra TV. Tuple of maps 

(2.2.2) {r : A^ B,R: M N) 
such, that 

• r is homomorphism of 5^-algebra 

• i? is homomorphism of io-algebra 

(2.2.3) Rof{a)^g{ria))oR 

is called morphism of representations from / into g. We also say that mor- 
phism of representations of 5^-algebra in f)-algebra is defined. □ 

For any m €z M equation (2.2.3) has form 

(2.2.4) i?(/(a)(TO))=5(r(a))(i?(m)) 
Remark 2.2.3. We may consider a pair of maps r, R as map 

F : AUM ^ BUN 

such that 

F{A) = B F{M) = N 
Therefore, hereinafter we will say that we have the map (r, R) . □ 
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2. Representation of ^^-Algcbra 



Remark 2.2.4. Let us consider niorphism of representations (2.2.2). We denote 
elements of the set B by letter using pattern b £ B. However if we want to show 
that b is image of element a € A, we use notation r{a). Thus equation 



means that r{a) (in left part of equation) is image a A (in right part of equation). 
Using such considerations, we denote element of set N as R{m). We will follow 
this convention when we consider correspondences between homomorphisms of 5- 
algebra and mappings between sets where we defined corresponding representations. 
There are two ways to interpret (2.2.4) 

• Let transformation /(a) map m Cz M into f{a){m). Then transformation 
g{r{a)) maps i?(m) G TV into i?(/(a)(m)). 

• We represent morphism of representations from / into g using diagram 



r(a) = r{a) 



M 



R 



N 




(1) 



A 



r 



B 



From (2.2.3) it follows that diagram (1) is commutative. 



□ 




h : A 



B 



H : M 




Proof. Since / is homomorphism, we have 

(2.2.6) H oLo{f{a,),...,f{a„)) = H o f{uj{a,,...,an)) 
From (2.2.3) and (2.2.6) it follows that 

(2.2.7) H o c^(/(ai), /(a„)) = g{h{uj{ai, a„))) o H 
Since h is homomorphism, from (2.2.7) it follows that 

(2.2.8) H o uifiai), /(a„)) = .9(w(/i(ai), /i(a„))) o H 
Since g is homomorphism, (2.2.5) follows from (2.2.8). 



□ 



2.2. Morphism of Representations of ^-Algebra 
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Theorem 2.2.6. Let the map 

h : A ^ B H -.M 

be morphism from representation 

f ■.A^*M 

of ^-algebra A into representation 

g:B^*N 

of "^-algebra B. If representation f is effective, then the map 

*H : *M *N 

defined by equation 

(2.2.9) *H{f{a)) = g(h{a)) 
is homomorphism of ^-algebra. 

Proof. Because representation / is effective, then for given transformation 
f{a) clement a is determined uniquely. Therefore, transformation g{h{a)) is prop- 
erly defined in equation (2.2.9). 

Since / is homomorphism, we have 

(2.2.10) *i/(w(/(ai),...,/(a„))) =*i/(/(c^(ai,...,a„))) 
From (2.2.9) and (2.2.10) it follows that 

(2.2.11) *H{Lo{f{ai), /(a„))) = 9{H^[a^, ««))) 
Since h is homomorphism, from (2.2.11) it follows that 

(2.2.12) *H{Lj{f{a,), /(a„))) = 5(^(/i(«i), M"™))) 
Since g is homomorphism, 

*H{coifiai), /(a„))) = ^(5(^01)), ff(M«n))) - c.(*i?(/(ai)), *i?(/(a„))) 
follows from (2.2.12). Therefore, the map *H is homomorphism of 3^-algebra. □ 

Theorem 2.2.7. Given single transitive representation 

f : A^ *M 

of ^-algebra A and single transitive T*-epresentation 

g:B^*N 
of ^-algebra B, there exists morphism 

h : A ^ B H : M ^ N 

of representations from f into g. 
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2. Representation of ^^-Algcbra 



Proof. Let us choose homomorphism h. Let us choose element m ^ M and 
element n E N. To define map H , let us consider following diagram 



a h(a) 




From commutativity of diagram (1), it follows that 

H{am) = h{a)H{m) 

For arbitrary m' G M , we defined unambiguously a E A such that m' = am. 
Therefore, we defined mapping H which satisfies to equation (2.2.3). □ 

Theorem 2.2.8. Let 

f : A^*M 

he single transitive representation of '^-algebra A and 

g:B^*N 

be single transitive representation of ^-algebra B. Given homomorphism of ^-alge- 
bra 

h : A 

let us consider a map 

H : M ^ N 

such that (h, H) is morphism of representations from f into g. This map is unique 
up to choice of image n ~ H{m) £ N of given element m G M. 

Proof. From proof of theorem 2.2.7 it follows that choice of homomorphism 
h and elements m G M, n E N uniquely defines the map H. □ 

Theorem 2.2.9. Given single transitive representation 

f -.A^ *M 

of ^-algebra A, for any endomorphism of ^-algebra A there exists endomorphism 
p : A ^ A P -.M *- M 

of representation f . 



2.2. Morphism of Representations of ^-Algebra 15 

Proof. Let us consider following diagram 



M 




Statement of theorem is corollary of theorem 2.2.7. □ 
Theorem 2.2.10. Let 

f : A^*M 

be representation of '^-algebra A, 

g:B^*N 

be representation of ^-algebra B, 

h:C^*L 

be representation of ^-algebra C. Given morphisms of representations of ^-algebra 
p : A ^ B P : AI ^ N 

q:B Q-N L 

There exists morphism of representations of ^-algebra 

r : A ^ C R:M ^ L 

where r = qp, R = QP. We call morphism {r,R) of representations from f into h 
product of morphisms {p, P) and (g, Q) of representations of S'-algebra. 

Proof. We represent statement of theorem using diagram 
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2. Representation of ^^-Algcbia 



Map r is homomorphism of g^-algebra A into 5^-algebra C. We need to show that 
tuple of maps (r, i?) satisfies to (2.2.3): 

R{f{a)m) = QP{f(a)m) 

= Q{g{p{a))P{m)) 

= h{qp{a))QP{m)) 

= h{r{a))R{m) 

□ 

Definition 2.2.11. Let A be category of ^J-algebras. We define category T ★ ^ of 
T*-representations of 3^-algebra from category A. Ti^-representations of 5^- 
algebra are objects of this category. Morphisms of T*-representations of iJ-algebra 
are morphisms of this category. □ 

Theorem 2.2.12. Endomorphisms of representation f form semigroup. 

Proof. From theorem 2.2.10, it fohows that the product of endomorphisms 
{p, P), (r, R) of the representation / is endomorphism (pr, PR) of the representation 
/• □ 

Definition 2.2.13. Let us define equivalence S on the set M. Transformation / 
is called coordinated with equivalence S, when f{mi) = /(m2)(modS') follows 
from condition mi = m2(modS'). □ 

Theorem 2.2.14. Let us consider equivalence S on set M. Let us consider 
algebra on set *M. Since transformations are coordinated with equivalence S, we 
can define the structure of ^-algebra on the set *{M/S). 

Proof. Let h ~ nat S. If mi = TO2(mod5), then h{mi) = h{m2). Since 
/ G *M is coordinated with equivalence 5, then h{f{mi)) ~ h{f{m2)). This allows 
to define transformation F according to rule 

F{[m]) = hif{m)) 

Let uj be n-ary operation of 5^-algebra. Suppose /i, /„ G *M and 

Fi{[m]) = h{fi{m)) ... F„(H) = M/nM) 

We define operation on the set *{M/S) according to rule 

Uj{Fi,...,Fn)[m] = h{uj{fi,...,f,i)m) 

This definition is proper because uj{fi, /„) G * M and is coordinated with equiv- 
alence S. □ 

Theorem 2.2.15. Let 

f :A^*M 

be representation of ^-algebra A, 

g:B^*N 
be representation of ^-algebra B. Let 

r : A ^ B R : M N 

be morphism of representations from f into g. Suppose 

s = rr-^ S = RR-^ 



2.2. Morphism of Representations of ^-Algebra 
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Then there exist decompositions of r and R, which we describe using diagram 



RM 




(1) s — kcr r is a congruence on A. There exists decompositions of homo- 
morphism r 

(2.2.13) r = itj 

j = nat s is the natural homomorphism 

(2.2.14) 3{ci)^]{a) 
t is isomorphism 

(2.2.15) r{a)=t{]{a)) 
i is the inclusion mapping 

(2.2.16) r(a) = i{r{a)) 

(2) S = kcr R is an equivalence on M. There exists decompositions of homo- 
morphism R 

(2.2.17) R = ITJ 

J ~ nat S is surjection 

(2.2.18) J(m) = J(m) 
T is bijection 

(2.2.19) R{m) = T{J{m)) 
I is the inclusion mapping 

(2.2.20) R{m) = /(i?(m)) 

(3) F is T-k-representation of ^-algebra A/s in M/S 

(4) G is T-k-representation of ^-algebra rA in RM 

(5) (j, J) is morphism of representations f and F 

(6) [t, T) is morphism of representations F and G 

(7) {t~^,T~^) is morphism of representations G and F 

(8) (i,I) is morphism of representations G and g 
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2. Representation of ^^-Algcbra 



(9) There exists decompositions of morphism of representations 

(2.2.21) (r,i?) = (j,/)(i,r)(j,J) 

Proof. Existence of diagrams (1) and (2) follows from theorem II. 3. 7 ([12], p. 

60). 

We start from diagram (4). 
Let TOi = m2(mod S). Then 

(2.2.22) R{mi)^R{m2) 
Since ai = 02 (mods), then 

(2.2.23) r{ai)=r{a2) 

Therefore, j{ai) = j(a2)- Since {r,R) is morphism of representations, then 

(2.2.24) i?(/(ai)(mi)) - 5(r(ai))(i?(mi)) 

(2.2.25) i?(/(a2)(m2)) =5(r(a2))(i?(m2)) 
From (2.2.22), (2.2.23), (2.2.24), (2.2.25), it follows that 

(2.2.26) i?(/(ai)(mi)) = i?(/(a2)(m2)) 
From (2.2.26) it follows 

(2.2.27) /(ai)(mi) = /(a2)(m2)(mod5) 
and, therefore, 

(2.2.28) J(/(ai)(mi)) - J(/(a2)(m2)) 
From (2.2.28) it follows that we defined map 

(2.2.29) FU{a)){J{m)) = J(/(a)(m))) 

reasonably and this map is transformation of set M/S. 

From equation (2.2.27) (in case ai = 02) it follows that for any a transformation 
is coordinated with equivalence S. From theorem 2.2.14 it follows that we defined 
structure of S'-algebra on the set *{AI/S). Let us consider n-ary operation lu and 
n transformations 

F{j{a,))iJ{m)) = J(/(aO(m))) i = 1, n 

of the set M/S. We assume 

a;(F(j(«i)), FUianMJim)) = J(c^(/(ai), /(a„)))(m)) 

Therefore, map F is representations of ^-algebra A/s. 

From (2.2.29) it follows that {j, J) is morphism of representations / and F (the 
statement 5 of the theorem). 

Let us consider diagram (5). 

Since T is bijection, then we identify elements of the set M/S and the set MR, 
and this identification has form 

(2.2.30) T{J{m)) = R{m) 

We can write transformation F{j{a)) of the set AI/S as 

(2.2.31) FUia)) : J(m) ^ Fij{a)){J{m)) 



2.2. Morphism of Representations of ^-Algebra 
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Since T is bijection, we define transformation 

(2.2.32) T{J{m)) ^ T{FU{a)){J{m))) 

of the set RM. Transformation (2.2.32) depends on j(a) G A/s. Since t is bijection, 
we identify elements of the set A/s and the set rA, and this identification has form 

(2.2.33) tU{a))=r{a) 
Therefore, we defined map 

G -.rA^ *RM 

according to equation 

(2.2.34) GmamT{J{m))) = T{F{j{a)){J{m))) 
Let us consider n-ary operation lo and n transformations 

G{r{a,)){R{m))^T{F{j{ai)){J{m))) i = l,...,n 

of space RM. We assume 

(2.2.35) c^(G(r(ai)),...,G(r(a„)))(i?(m))==T(c^(F(j(ai),...,F(j(a„)))(J(m))) 

According to (2.2.34) operation w is defined reasonably on the set *RM . Therefore, 
the map G is representations of S'-algebra. 

From (2.2.34) it follows that (i,r) is morphism of representations F and G 
(the statement 6 of the theorem). 

Since T is bijection, then from equation (2.2.30) it follows that 

(2.2.36) J{m) ^T-^{R{m)) 
Wc can write transformation G(r(a)) of the set RM as 

(2.2.37) G{r{a)) : R{m) G{r{a)){R{m)) 
Since T is bijection, we define transformation 

(2.2.38) T-^{R{m)) ^ T-^{G{r{a)){R{m))) 

of the set M/S. Transformation (2.2.38) depends on r{a) e rA. Since t is bijection, 
then from equation (2.2.33) it follows that 

(2.2.39) j{a) = t-\r{a)) 

Since, by construction, diagram (5) is commutative, then transformation (2.2.38) 
coincides with transformation (2.2.31). We can write the equation (2.2.35) as 

(2.2.40) r-i(c.(G(r(ai)),...,G(r(a„)))(i?(m))) =o.(i^(.7(ai),-,^(jK)))(>/M) 
Therefore (t^^,T^^) is morphism of representations G and F (the statement 7 of 
the theorem). 

Diagram (6) is the most simple case in our prove. Since map / is immersion 
and diagram (2) is commutative, we identify n G N and R{m) when n 6 Imi?. 
Similarly, we identify corresponding transformations. 

(2.2.41) 5'(*(r(a)))(/(i?(m))) = IiG{r(amim))) 
c.(g'(r(ai)),...,g'(r(a„)))(i?(m))=/(^(G(r(ai),...,G(r(a„)))(i?(™))) 

Therefore, (i, /) is morphism of representations G and g (the statement 8 of the 
theorem) . 
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To prove the statement 9 of the theorem we need to show that defined in the 
proof representation g' is congruent with representation g, and operations over 
transformations are congruent with corresponding operations over * N . 

g'{i{r{a))){I{R{m))) = I{G{r{a)){R{m))) by (2.2.41) 

= I{G{t[M)){T{J{m)))) by (2.2.15), (2.2.19) 

= IT[F{j[a)){J{m))) by (2.2.34) 

= ITJ{f{a){m)) by (2.2.29) 

= R{f{a)(m)) by (2.2.17) 

= g{r{a)){R{m)) by (2.2.3) 

a;(G(r(ai)), G{r{a„mR{m)) = T{u{F{j{a,), F{j{a,,))){J{m))) 

= T{F{u;{j{a,), ...,j{anmJ{m))) 
^T{F{j{u{a,,...,a^))){J{m))) 
= T{J{f{u;{ai,...,an)){m))) 



□ 



Definition 2.2.16. Let 



be representation of ^J-algebra A, 

g:B 

be representation of 5^-algebra B. Let 
r : A *-S 



R: M ■ 



N 



be morphism of representations from / into g such that / is isomorphism of 5- 
algebra and g is isomorphism of i^-algebra. Then map (r, R) is called isomorphism 
of repesentations. □ 

Theorem 2.2.17. In the decomposition (2.2.21), the map {t,T) is isomorphism of 
representations F and G. 

Proof. The statement of the theorem is corollary of definition 2.2.16 and 
statements (6) and (7) of the theorem 2.2.15. □ 

From theorem 2.2.15 it follows that we can reduce the problem of studying of 
morphism of representations of 5^-algebra to the case described by diagram 

(2.2.42) 




2.2. Morphism of Representations of ^-Algebra 
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Theorem 2.2.18. We can supplement diagram (2.2.42) with representation Fi of 
^-algebra A into set M/S such that diagram 



(2.2.43) 




M/S 



FUia)) 



M/S 



is commutative. The set of transformations of representation F and the set of 
transformations of representation Fi coincide. 

Proof. To prove theorem it is enough to assume 

F,{a) ^ F{j{a)) 

Since map j is surjection, then ImFi = ImF. Since j and F are homomorphisms 
of S'-algebra, then Fi is also homomorphism of 5-algcbra. □ 

Theorem 2.2.18 completes the series of theorems dedicated to the structure of 
morphism of representations 5^-algebra. From these theorems it follows that we 
can simplify task of studying of morphism of representations S'-algebra and not go 
beyond morphism of representations of form 

id: A- 



■A 



R: M- 



■N 



In this case we identify morphism of {id, R) representations of J-algebra and map 
R. We will use diagram 



9(a) 




to represent morphism (id, R) of representations of 5^-algebra. From diagram it 
follows 

Rof{a)^g{a)oR 
By analogy with definition 2.2.11. we give following definition. 

Definition 2.2.19. Wc define category 5 r*-representations of 5^-algebra 

A. TT^r-rcprcscntations of ^-algebra A arc objects of this category. Morphisms 
{id, R) of r*-representations of iJ-algebra A are morphisms of this category. □ 



22 



2. Representation of ^^-Algcbia 



2.3. Automorphism of Representation of 5^- Algebra 
Definition 2.3.1. Let 

f ■.A^*M 

be representation of 5^-algebra A in i^-algebra M . The morphism of representations 
of S'-algebra 

{r : A,R: M ^ M) 
such, that r is endomorphism of ^J-algcbra and R is cndoniorphism of J^-algcbra is 
called endomorphism of representation /. □ 

Definition 2.3.2. Let 

f ■.A^*M 

be representation of 5^-algebra A in i^-algebra M . The morphism of representations 
of g'-algebra 

{r : A^ A,R: M ^ M) 
such, that r is automorphism of S'-algebra and R is automorphism of i^-algcbra is 
called automorphism of representation /. □ 

Theorem 2.3.3. Let 

f : A^*M 

be representation of ^-algebra A in S)-algebra M. The set of automorphisms of the 
representation f forms loop 2l(/) .^'^ 

Proof. Let {r,R), {p,P) be automorphisms of the representation /. Accord- 
ing to definition 2.3.2 maps r, p are automorphisms of 3^-algebra A and maps _R, 
P are automorphisms of i^-algebra M. According to theorem II. 3. 2 ([12], p. 57), 
the map rp is automorphism of ^J-algcbra A and the map RP is automorphism 
of i^-algebra M. From the theorem 2.2.10 and the definition 2.3.2, it follows that 
product of automorphisms (rp, RP) of representation / is automorphism of the 
representation /. 

Let (r, R) be an automorphism of the representation /. According to definition 
2.3.2 the map r is automorphism of S'-algebra A and the map R is automorphism 
of i5-algebra M. Therefore, the map r~^ is automorphism of iJ-algebra A and the 
map R~^ is automorphism of i^-algebra M. The equation (2.2.4) is true for auto- 
morphism (r, R). Assume a' = r(a), m' = R{m). Since r and R are automorphisms 
then a ~ r^^(a'), m = Rr^im') and wc can write (2.2.4) in the form 

(2.3.1) R{f{r-\a')){R-\m'))) = g{a'){m') 

Since the map R is automorphism of i^-algebra M, then from the equation (2.3.1) 
it follows that 

(2.3.2) f{r-\a')){R-\m')) = Rr\g{a'){m')) 

The equation (2.3.2) corresponds to the equation (2.2.4) for the map {r~^ ,R^^). 
Therefore, map (r^^,i?^^) of the representation /. □ 



2-2Look [6], p. 24, [-5] for definition of loop. 



2.4. Basis of T*-rcproscntation 
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Remark 2.3.4. It is evident that the set of automorphisms of 3^-algebra A also 
forms loop. Of course, it is attractive to assume that the set of automorphisms 
forms a group. Since the product of automorphisms / and g is automorphism fg, 
then automorphisms {fg)h and f{gh) are defined. However, it does not follow from 
this statement that 

if9)h - figh) 

□ 

2.4. Basis of T*-representation 

Definition 2.4.1. Let 

f ■.A^*M 

be representation of ^J-algcbra A in j^-algebra M. The set iV C M is called stable 
set of representation /, if f{a){m) e N for each a ^ A, m G N . □ 

We also say that the set M is stable with respect to the representation /. 

Tileorem 2.4.2. Let 

f : A^*M 

be representation of ^-algebra A in Sj-algebra M. Let set N C M be subalgebra of 
^-algebra M and stable set of representation f. Then there exists representation 

fN:A^*N 

such that /Ar(a) ~ f{a)\N. Representation /jv is called subrepresentation of 
representation /. 

Proof. Let wi be n-ary operation of ij-algebra A. Then for each ai, an G A 
and each 6 G iV 

^^i(/jv(ai), /Ar(a„))(&) = wi(/(ai), /(a„))(6) 

= /(wi(ai, ...,a„))(6) 

= /Ar(wi(ai, ...,an)){b) 

Let UJ2 be 7i-ary operation of i^-algebra M. Then for each 6i, 6„ E N and each 
ae A 

0J2{fN{a){bi), fN{a){bn)) - uj2{f{a){bi), /(a)(5„)) 

= f(a)(uj2{bi, ...,6,0) 

= fN(a)(oj2ibi, ■■■,bn)) 

We proved the statement of theorem. □ 

From the theorem 2.4.2, it follows that if Jn is subrepresentation of represen- 
tation /, then the map (id : A ^ A, id^ ■ N — ^ M) is morphism of representations. 

Theorem 2.4.3. The set^'^ Bf of all subrepresentations of representation f 
generates a closure system on S)-algebra M and therefore is a complete lattice. 



2.3r 



This definition is similar to definition of the lattice of subalgebras ([12], p. 79, 
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Proof. Let {K\)\^a be the set off subalgebras of J^-algebra M that are stable 
with respect to representation /. We define the operation of intersection on the set 
Bf according to rule 

n /if A = fnK^ 

We difined the operation of intersection of subrepresentations properly. ClKx is 
subalgcbra of .$3-algcbra AI. Let m G r\K\. For each A G A and for each a £ A, 
f{a){ni) G K\. Therefore, f{a){m) G ni^A- Therefore, HA'a is the stable set of 
representation /. □ 

We denote the corresponding closure operator by J/. Thus Jf{X) is the 
intersection of all subalgebras of i^-algebra M containing X and stable with respect 
to representation /. 

Theorem 2.4.4. Let^ '^ 

f : A^*M 

be representation of ^-algebra A in Sj-algebra M. Let X C M. Define a subset 
Xk d M by induction on k. 

Xo = X 
X e Xk => X G Xk+1 
xi G Xk, .■■,Xn G Xk,uj G f^{n) => ...,.t„) G Xk+i 

X & Xk,a e A^> f{a){x) G Xk+i 

Then 

oo 

\JXk = Jf{X) 

Proof. If we put U = UXk, then by definition of Xk, we have Xq C Jf{X), 
and if Xk C Jf{X), then Xk+i C Jf{X). By induction it follows that Xk C Jf{X) 
for all k. Therefore, 

(2.4.1) UcJfiX) 

If a G , a — (ai,...,a„), where Oi G Xk^, and if fc = maxjfci, fc„}, then 
uj{ai, On) G Xk+i C U . Therefore, U is subalgcbra of io-algcbra M . 

If m G U , then there exists such k that m G Xk- Therefore, f{a){m) G Xk+i C 
U for any a E A. Therefore, U is stable set of the representation /. 

Since U is subalgcbra of io-algcbra M and is a stable set of the representation 
/, then subrcpresentation fu is defined. Therefore, 

(2.4.2) Jf{X) C U 

From (2.4.1), (2.4.2), it follows that Jf{X) = U. □ 

Jf{X) is called subrepresentation generated by set X, and X is a gen- 
erating set of subrepresentation Jf{X). In particular, a generating set of 
representation / is a subset X C M such that Jf{X) = M. 



The statement of theorem is similar to the statement of theorem 5.1, [12], p. 79. 



2.4. Basis of T*-rcprcscntation 
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Definition 2.4.5. Let X C M he generating set of representation 

f ■.A^*M 

Let the map 

{h: A,H : M ^ M) 
is endomorphism of the representation /. Let the set X' = HX be the image of 
the set X under the map H . Endomorphism {h, H) of representation / is called 
regular on generating set X, if the set X' is the generating set of representa- 
tion /. Otherwise, endomorphism of representation {h, H) is called singular on 
generating set X , □ 

Definition 2.4.6. Endomorphism of representation / is called regular, if it is 
regular on every generating set. □ 

It is easy to see that the definition of generating set of representation does not 
depend on whether representation is effective or not. For this reason hereinafter 
we will assume that the representation is effective and we will use convention for 
effective T*-representation in remark 2.1.9. 

From theorem 2.4.4, it follows next definition. 

Definition 2.4.7. Let X C M. For each x e JfiX) there exists io-word defined 
according to following rule. 

(1) If m G X, then m is .$3-word. 

(2) If mi, TO„ are io-words and lu G S^{n), then TOi...m„w is io-word. 

(3) If m is i^-word and a 6 A, then am is io-word. 

f)-word w{m^ /, X) that represent given element m G Jf{X) is called coordinates 
of element m relative to set X. Denote W{f,X) the set of coordinates of 
representation Jf{X). □ 

Representation of m G M in form of io-word is ambiguous. If mi, to„ 
are i^- words, lo G f){n) and a £ A, then i^- words ami...m„a; and ami...amnUj 
describe the same element of i^-algebra M. It is possible that there exist equations 
related to specific character of representation. For instance, if uj is operation of 5- 
algebra A and operation of .^-algebra A/, then we require that io-words ai...a„a;a; 
and aix...a„xuj describe the same element of i^-algebra M. Listed above equations 
determine equivalence r^j on the set of io-words Afjj . 

Theorem 2.4.8. Endomorphism {r,R) of representation 

f ■.A^*M 

generates the map of coordinates 

wif,r,R,X):Wif,X)^Wif,X') XcM X' = R{X) 

such that 

(1) If m e X, m' = i?(m), then 

w{f, r, i?, X){m) = m' 
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(2) // 

mi, ...,m„ e Wf{X) 
m'l = w{f,r,R,X){mi) ... jti'^ ^ w{f,r, R, X){mn) 
then for operation lo ^ (n) holds 

w{f, r,R,X){mi...mnUj) = m[...m'^uj 

(3) // 

ni€W{f,X) m' = w{J,r,R,X)[m) 
a £ A a' = r{a) 

then 

w{f, r, R, X){am) ~ a'm' 

Proof. Statements (1), (2) of the theorem are true by definition of the endo- 
morpism R. The statement (3) of the theorem follows from the equation (2.2.4). □ 

Theorem 2.4.9. Let 

f : A^*M 

he representation of '^-algebra A in S^- algebra M. Let map 

r : A-^ A 

be endomorphism of ^-algebra A. For given sets X C M, X' C M let map 

Ri-.X^X' 

agree with the structure of Sj- algebra M , i. e. for given operation uj G Sj{n), if 

Xi, ...,Xn,Xi...XniO £ X 

then Ri{xi...XnUj) = i?i(a;i)...i?i(.T„)aj. Let us consider the map of coordinates 

w{r,Ri,X):Wif,X) -^W{f,X') 
that satisfies conditions (1), (2), (3) of theorem 2.4-8. There exists endomorphism 

R:M^M 

defined by rule 

(2.4.3) R{m)^w{f,r,R^,X){w{mJ,X)) 

and the map {r,R) is morphism of representations Jf{X) and Jf{X'). 

Proof. Wc prove the theorem by induction over complexity of i^-word. 

If w{m, f,X) = m, then m G X. According to condition (1) of theorem 2.4.8, 

R{m) = w{r,Ri,X){w{m,X)) = w{r,Ri,X){m) = i?i(m) 

Therefore, maps R and i?i coinsidc on the set X, and the map R agrees with 
structure of i^-algebra. 

Let UJ G ij{n). Let the statement of induction be true for mi, m„ G Jf{X). 
Let wi = w(mi,X), Wn = w(m„,X). If m = mi...m„aj, then according to 
condition (2) of definition 2.4.7, 

t«(m, /, X) ~ Wi...WnUJ 



2.4. Basis of T*-rcproscntation 
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According to condition (2) of theorem 2.4.8, 

R{m) — w(r, Ri,X)(w{m, X)) ~ w{r, Ri, X){wi...Wn'^) 

= w{r, Ri,X){wi)...w{r, i?i,X)(w„)a; 

= R{mi) ...R{mn)u! 

Therefore, the map R is endomorphism of i^-algebra M. 

Let the statement of induction be true for m € Jf{X), w{m,X) = Wm- Let 
a & A. According to condition (3) of definition 2.4.7, 

w{am, X) = awm 

According to condition (3) of theorem 2.4.8, 

R{am) = w{r, X){w{am, X)) ~ w{r, Ri, X){aWm) 

= r{a)w{r, Ri, X){wm) = r{a)R{m) 

From equation (2.2.4) it follows that the map (r, R) is morphism of the represen- 
tation /. □ 

Theorem 2.4.10. Automorphism {r, R) of representation 

f : A^*M 

is regular endomorphism. 

Proof. Let X be generating set of representation /. Let X' = R{X). 
According to theorem 2.4.8 endomorphism (r, R) forms the map of coordinates 
«;(/,r,i?,X). 

Let to' G M . Since R is automorphism, then there exists to G Af, R{m) ~ m' . 
According to definition 2.4.7, w{m,X) is coordinates of to relative to generating 
set X. According to theorem 2.4.9, 

w{m',X') = w{f, r, R, X){w{m, X)) 

is coordinates of to' relative to generating set X'. Therefore, X' is generating set of 
representation /. According to definition 2.4.6, automorphism (r, R) is regular. □ 

If the set X C M is generating set of representation /, then any set y, X C 
Y C M also is generating set of representation /. If there exists minimal set X 
generating the representation /, then the set X is called basis of representation 
/• 

Theorem 2.4.11. The generating set X of representation f is basis iff for any 
m E X the set X \ {to} is not generating set of representation f . 

Proof. Let X be generating set of representation /. Assume that for some 
TO G X there exist word 

(2.4.4) w = w{mJ,X\{77i}) 
Consider element m' such that it has word 

(2.4.5) w' = w{m'J,X) 

that depends on to. According to the definition 2.4.7, any occurrence of to into 
word w' can be substituted by the word w. Therefore, the word w' does not depend 
on 771, and the set X \ {to} is generating set of representation /. Therefore, X is 
not basis of representation /. □ 
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Remark 2.4.12. The proof of the theorem 2.4.11 gives us effective method for 
constructing the basis of the representation /. Choosing an arbitrary generating 
set, step by step, we remove from set those elements which have coordinates relative 
to other elements of the set. If the generating set of the representation is infinite, 
then this construction may not have the last step. If the representation has finite 
generating set, then we need a finite number of steps to construct a basis of this 
representation. 

As noted by Paul Cohn in [12], p. 82, 83, the representation may have inequiv- 
alent bases. For instance, the cyclic group of order six has bases {a} and {a^,a^} 
which we cannot map one into another by endomorphism of the representation. 

Theorem 2.4.13. Automorphism of the representation f maps a basis of the rep- 
resentation f into basis. 

Proof. Let the map (r, i?) be automorphism of the representation /. Let the 
set X be a basis of the representation /. Let X' = R{X). 

Assume that the set X' is not basis. According to the theorem 2.4.11 there 
exists such m' € X' that X'\{x'} is generating set of the representation /. Accord- 
ing to the theorem 2.3.3 the map R~^) is automorphism of the representation 
/. According to the theorem 2.4.10 and definition 2.4.6, the set AT \ {m} is gen- 
erating set of the representation /. The contradiction completes the proof of the 
theorem. □ 

2.5. Few Applications of Basis of Representation 

Example 2.5.1. Consider the vector space V over the field F. Given the set 
of vectors ei, e„ , according to algorithm of construction of coordinates over 
vector space, coordinates include such elements as ei +62 and aei. Recursively 
using rules, contained in the definition 2.4.7, we conclude that the set of vectors 
ei, Cn generates the set of linear combinations 

a ei + ... + a e„ 

According to the theorem 2.4.11, the set of vectors ei, e„ is a basis if for any i, 
i = 1, ri, vector is not linear combination of other vectors. This requirement 
is equivalent to the requirement of linear independence of vectors. □ 

Example 2.5.2. Let G be Abelian group, and M be a set. Let us consider effective 
representation of group G on the set M . For given a G G, A G M we assume 

A ^ A + a. We also use notation a = AB \i B = A + a. Then we can represent 

action of group &s B ~ A + AB. We can select for basis of the representation the 
set of points such that one and only one points belongs to each orbit. □ 
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Tower of Representations of ^-Algebras 

3.1. Tower of Representations of 5^- Algebras 

Let us consider set of S^^-algcbras Ai, i = 1, n. Assume A = (Ai, An). 
Assume / = (/i, 2, /«-!,«)■ 

Definition 3.1.1. Let us consider set of iJi-algebras Ai, i ~ 1, n. Set of 
representations fi.i+i, i = \, n — 1, of ifi-algebra Ai in ^Ji+i-algebra Ai+i is 
called tower {A, f) of representations of S^-algebras. □ 

Let us consider following diagram for the purposes of illustration of definition 
3.1.1 

/i+i,i+2(/i,i + l(ai)(ai + i)) 



(3.1.1) 




A^ 



fi.i+i is representation of 3^i-algebra Ai in 5'i+i-algebra ^i+i. is represen- 

tation of algebra Ai^i in 5^j+2-algebra Ai^2- 

Theorem 3.1.2. Map 

fi,i+2 '■ Ai — > **Ai+2 

is representation of ^i-algebra Ai in ^ij^i-algebra *AiJ^2- 

Proof. Automorphism /i-|-i_i+2(ai+i) G *Ai+2 corresponds to arbitrary a^+i £ 
AiJ^i. Automorphism ,fi^i+i{ai) e * Ai+i corresponds to arbitrary a; e Ai. Since 
fi,i+i{ai){ai+i) S Ai^i is image of a^+i G ^i+i, then element Oi G Ai generates 
transformation of S'i-i-i -algebra * Ai+2 which is defined by equation 

(3.1.2) fi^i+2(,ai)(,fi+i,i+2{ai+i)) = /i+i,i+2(/i,i+i(ai)('^i+i)) 
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Let w be n-ary operation of S'i-algebra. Because is homomorphism of ^i- 

algebra, then 

(3.1.3) /i^j+i(w(ai,i, ...,aj,„)) = uj{fi^i+i{ai^i), /,;,i+i(ai,„)) 

For Oi, a„ £ Ai we define operation lj on the set **Ai^2 using equations 

^(/i,i+2(ai,l)(/i+l,i+2(ai+l)), .fi,i+2{ai,n){fi+l,i+2{ai+l))) 

(3.1.4) = u;(/^+i,i+2(/i,i+i(aj,i)(ai+i)), /i+i^i+2(/i,i+i(aj,„)(aj+i))) 

= /i+l,i+2('^(/i,i+l(ai,l)' (^i," ) ) (^i+1 )) 

First equation follows from equation (3.1.2). We wrote second equation on the base 
of demand that map fi+i.i+2 is homomorphism of ^J^-algebra. Therefore, we defined 
the structure of ^Ji-algcbra on the set **Ai^2- 
From (3.1.4) and (3.1.3) it follows that 

w(/j,«+2(a.t,l)(/j+l,i+2(ai+l)), ■■■Ji,^+2{a^.n){fi+l,^+2{ai+l))) 

(3.1.5) = /i+i,j+2(/i,i+i(w(ai,i, ...,ai,„))(ai+i)) 

= /i,i+2(w( 

From equation (3.1.5) it follows that 

w(/i,j+2(ai,l), fi,i+2{o.i,n)) = fi,i+2{^{o.i,l , fli.ri)) 

Therefore, the map /i,i+2 is homomorphism of ^Ji-algebra. Therefore, the map fi.i+2 
is r*-representation of B^^-algebra Ai in Ji+i-algebra *yli-|_2- D 

Theorem 3.1.3. (id, /j;+i,i+2) is morphism of T-k-representations of ^i- algebra 
from fi^i+i into fi,i+2- 

Proof. Let us consider diagram (3.1.1) in more detail. 




The statement of theorem follows from equation (3.1.2) and definition 2.2.2. □ 
Definition 3.1.4. Let us consider the tower of representations 

((^l,A2,A3),(/l,2,/2,3)) 

The map = (/i,2,/i,3) is called representation of g^i-algebra Ai in repre- 
sentation /2,3. □ 

Definition 3.1.5. Let us consider the tower of representations {A,f). The map 

/* = (/l,2, fl,n) 

is called representation of 5^i-algebra Ai in tower of representations 

(A[i],7) = ((^2,..., A„),(/2,3,..., /«-!,«)) 
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□ 



3.2. Morphism of Tower of TH<-Representations 

Definition 3.2.1. Let us consider the set of 3^i-algebr Ai, Bi, i = 1, n. The 
set of maps {hi, is cahed morphism from tower of T-*:-representations 
{A, f) into tower of T*-representations (B,^), if for any i, i — 1, n — 1, 

the tuple of maps (hi,hi^i) is morphism of r*-representations from fi.i+i into 

For any i, i = 1, 
(3.2.1) 



□ 



n — 1, we have diagram 

hi 




Equations 

(3.2.2) ki+i o /,;,i+i(ai) = .g.i_,+i(/ii(ai)) o hi+i 

(3.2.3) hi+i{ft^i+i{ai){ai+i)) ^ gi^i+i{hi{ai)){hi+i{ai+i)) 

express commutativity of diagram (1). However for morphism (hi,hi^i), i > 1, 
diagram (3.2.1) is not complete. Assuming similar diagram for morphism (hi, /i^+i), 
this diagram on the top layer has form 

(3.2.4) A,+2 — ^ B,+2 




/.,.+2(a.) 



l'i+2 



B 



i+2 



A: 



i+2 




/&23(gi2(ai)'ii+l(ai + i)) 



gi,i + 2{hi{ai)) 



1+2 



Unfortunately, the diagram (3.2.4) is not too informative. It is evident that there ex- 
ists morphism from *Ai+2 into *-Bi+2, mapping fi,i+2{ai) into gi^i+2{hi(ai)) . How- 
ever, the structure of this morphism is not clear from the diagram. We need consider 
map from * Ai^2 into *i?i+2, like we have done this in theorem 3.1.3. 
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Theorem 3.2.2. Since T*-representation fi+iA+2 is effective, then (ft.i,*/ii+2) is 
morphism of T-k-representations from T-k-representation fiA+2 into T-k-representa- 
tion gis+2 of ^i-algebra. 

Proof. Let us consider the diagram 



Ji+lA + 2 



* A - . 



(2) 



/.,.+2(a,) 





i+1 



'A. 



(1) 



i+2 



'B. 



i+2 



(3) 



(5) 



<Ji+l,i + 2 



gi,i+l{hi{ai)) 



i+l 



The existence of map */ii+2 and commutativity of the diagram (2) and (3) fohows 
from effectiveness of map /i_|_i^i_(_2 and theorem 2.2.6. Commutativity of diagrams 
(4) and (5) follows from theorem 3.1.3. 

From commutativity of the diagram (4) it follows that 

(3.2.5) fi+i,i+2 ° fi,i+iiai) = fi,i+2{ai) o fi+i^i+2 
From equation (3.2.5) it follows that 

(3.2.6) *hi+2 o fi+i,i+2 o fi,i+i{ai) = *hi+2 o fi,i+2{ai) o fi+i,i+2 
From commutativity of diagram (3) it follows that 

(3.2.7) */li+2 ° fi+l,i+2 — gi+lA+2 ° hi+i 

From equation (3.2.7) it follows 

(3.2.8) *hi+2 o ft+i,i+2 ° fi,i+i{ai) = gi+i^i+2 ° K+i ° fi,i+i{ai) 
From equations (3.2.6) and (3.2.8) it follows that 

(3.2.9) *hi+2 o fi,i+2{ai) o /i+i,i+2 = gi+i,i+2 o K+i o fi.i+i[ai) 
From commutativity of the diagram (5) it follows that 

(3.2.10) gi+i,i+2 o gi,i+i{hi{ai)) = gi^^+2{hi{ai)) o gi+i,i+2 
From equation (3.2.10) it follows that 

(3.2.11) 5i+i,i+2 o gi.i+i{hi{ai)) o hi+i = giA+2{hi{ai)) o gi+1^1+2 o h,+i 
From commutativity of the diagram (2) it follows that 

(3.2.12) *hi+2 O fi+l,i+2 = gi+l,i+2 ° hi+i 

From equation (3.2.12) it follows that 

(3.2.13) g.i^i+2{h,{a,,)) o *hi+2 ° fi+i,i+2 =■ gi,i+2{hiiai)) o gi+i^i+2 ° hi+i 
From equations (3.2.11) and (3.2.13) it follows that 

(3.2.14) g%+i,i+-2 ° 9i,i+i{hi{ai)) o h^^i = gi,i+2{hiia^)) o *hi^2 ° fi+i,i+2 
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External diagram is diagram (3.2.1) when i = 1. Therefore, external diagram 
is commutative 

(3.2.15) hi+i o /,;,i+i(ai) ^ gi^i+i{hi{ai)) o hi+i 
From equation (3.2.15) it follows that 

(3.2.16) 5i+i,i+2 o hi+i o /i,i+i(ai) gi+i,i+2 o gi,i+i{hi{ai)) o hi+i{ai+i) 
From equations (3.2.9), (3.2.14) and (3.2.16) it follows that 

(3.2.17) *hi+2 o fi,i+2{ai) o /i+i,i+2 = 9i,i+2{hi{ai)) o *hi+2 ° fi+i,i+2 
Because the map fi+i.i+2 is injection, then from equation (3.2.17) it follows that 

(3.2.18) *h.i+2 o fi,i+2{ai) = .g.i,i+2(/ij(aj)) ° *hi+2 

From equation (3.2.18) commutativity of the diagram (1) follows. This proves the 
statement of theorem. □ 

Theorems 3.1.3 and 3.2.2 are true for any layer of tower of T*-representations. 
In each particular case we need properly show sets and direction of the map. Mean- 
ing of given theorems is that all maps in tower of T*-representations act coherently. 

The theorem 3.2.2 states that imknown map on the diagram (3.2.4) is the map 

*/lt+2- 

Theorem 3.2.3. Let us consider the set of ^i-algebr Ai, Bi, C'i, i ~ 1, n. 
Given morphisms of tower of representations 

p:(Aj)^(B,g) 

q:(B,g)^(C,h) 

There exists morphism of representations of ^-algebra 

r:(Aj)^{C,h) 

where = qkPk, k = 1, n. We call morphism r of tower of representations 
from f into h product of morphisms p and q of tower of representations. 

Proof. For each fc, fc = 2, n, we represent statement of theorem using 
diagram 
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Map rfe_i is honiomorphism of S^^-i-algcbra Ak-i into 3^fc_i-algebra Ck-i- We 
need to show that tuple of maps (r^-i, r^) satisfies to (3.2.2): 

rk{fk-i,k{ak-i)ak) = qkPk{fk~i,k{ak^i)ak) 

= qk{gk~iM{pk-i{ak-i))Vk{ak)) 

= hk^i^k{qk~iPk-i{ak-i))qkPk{ak)) 

= hk-i,k{r{ak-i))rk{ak) 

□ 

3.3. Endomorphism of Tower of Representations 

Definition 3.3.1. Let (A,/) be tower of representations of if-algebras. The mor- 
phisni of tower of representations (/ii, /i„) such, that for each fc, fc = 1, 
?7, hk is endomorphism of ^J^-algcbra Ak is caUed endomorphism of tower of 
representations /. □ 

Definition 3.3.2. Let {A, /) be tower of representations of S'-algebras. The mor- 
phism of tower of representations (/ii, /i„) such, that for each fc, fc = 1, 
71, hk is automorphism of S^^-algebra Ak is called automorphism of tower of 
representations /. □ 

Theorem 3.3.3. Let {A, f) be tower of representations of ^-algebras. The set of 
automorphisms of the representation f forms loop^"'^ 

Proof. Let r, p be automorphisms of the tower of representations /. Accord- 
ing to definition 3.3.2, for each fc, fc = 1, n, maps rfc, pk are automorphisms of 
5'fc-algebra Ak- According to theorem IL3.2 ([12], p. 57), for each fc, fc = 1, 
n, the map rkPk is automorphism of i?fe-algebra Ak- From the theorem 3.2.3 and 
the definition 3.3.2, it follows that product of automorphisms rp of the tower of 
representations / is automorphism of the tower of representations /. 

Let r be an automorphism of the tower of representations /. According to 
definition 3.3.2 for each i, i = \, n, map is automorphism of iJi-algebra Ai- 
Therefore, for each z, i = 1, ti, the map r~^ is automorphism of S^^-algebra Ai- 
The equation (3.2.3) is true for automorphism r. Assume a'^ ~ ri{ai), i = I, n. 
Since r;, i = I, n, is automorphism then a.i ~ r~ (a^ and we can write (3.2.3) 
in the form 

(3.3.1) /ij+i(/j,,+i(/i,"^(a-))(/ii+i(a-+i))) = 5,,,+i(a^)(a^+i) 

Since the map ht+i is automorphism of iJi+i-algebra ^i+i, then from the equation 

(3.3.1) it follows that 

(3.3.2) f,^,+i{h:r^[a'i){hi+i{a'^^Jj) = V+i(.9»,»+i(aD(a'+i)) 

The equation (3.3.2) corresponds to the equation (3.2.3) for the map r~^. Therefore, 
map r~^ is automorphism of the representation /. □ 



'^•-'^Look [6], p. 24, [-5] for definition of loop. 
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3.4. Basis of Tower of Representations 

Definition 3.4.1. Tower of T7k-rcprcscntations {A,f). is called effective, if for 

any i the representation fi^i+i is effective. □ 

Theorem 3.4.2. Let us consider the tower of T-k-representations (A, /). Let repre- 
sentations fi.i+i, fi+k-i.i+k be effective. Then representation fi^i+k is effective. 

Proof. Wc will prove the statement of theorem by induction. 

Let representations /i+i^i-(-2 be effective. Assume that transformation 

is not identity transformation. Than there exists Oi+i G ^j+i such 
that /i,i+i(ai)(ai+i) ^ a^+i. Because the representation /i_|_i_i_|_2 is effective, 
then transformations /j;+i^i+2(ai+i) and fi+i^i+2{fi,i+i{ai)iai+i)) do not coincide. 
According to construction in theorem 3.1.2, the transformation /i,i+2(ai) is not 
identity transformation. 

Assume the statement of theorem is true for fc — 1 representations. Let fi.i+i, 

fi+k-i,i+k be effective. According assumption of induction, representations 
fi.i+k-i, fi+k-i.i+k are effective. According to proven above, the representation 
fi^i+k is effective. □ 

We construct the basis of the tower of representations in a similar way that we 
constructed the basis of representation in the section 2.4. 

We will write elements of tower of representations (^[i] , /) as tuple (a2, 03), 
where G Ai, i = 2, n. We can interpret this record as 

(02,03) = /2,3(a2)(a3) 

At the same time this record has additional meaning. For instance, in affine space, 
03 is a point of space, 02 is a vector that determine the transformation of paralel 
transfer. Thus, we can interpret a tuple (02,03) either as vector 02 with tail in 
point 03, or as head of this vector. 

Definition 3.4.3. Let {A, /) be tower of representations. The tuple of sets 

N[i] = {N2 C A2,...,Nn C An) 

is called tuple of stable sets of tower of representations /, if 

/i-i,i(oi-i)(a.i) e TVi i = 2,...,n 
for every ai € Ai, 02 € N2, a„ S Nn. We also will say that tuple of sets 

N[i] = {N2 C A2,...,iV„ C An) 

is stable relative to tower of representations /. □ 

Theorem 3.4.4. Let f be tower of representations. Let set Ni C Ai be subalgebra 
of ^i-algebra Ai, i = 2, n. Let tuple of sets 

N[i] ^ {N2 C A2,...,iV„ C An) 

be stable relative to tower of representations f . Than there exists representation 

(3.4.1) ((Al, 7V2, Nn), (/7V.4,2, fN„.n-l.n)) 

such that 

/jVi,i-i,i(oi-i) = fi-i,i{ai-i)\Ni * = 2, n 
The tower of representations (3.4.1) is called tower of subrepresentations. 
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Proof. Letwi-i.i be m-ary operation of 3^i_i-algebraAi_i, i = 2, n. Than 
for any ai_i_i, ai_i,,„ e Ni_i ^-'^ and any G 

=^i-l.l{fi-lA{o-i-l,l), fi-l.i{o-i-l,m)){o.i) 
— fi~l,i{^i-ls{o.i-lS, 0,i-l,m)){o.i) 
= fNi,i-l,i{i^i-l,l{(li-l,l, ai-l,m))(ai) 

Let uji^2 be m-ary operation of ^Ji-algebra Ai, i = 2, n. Than for any ai,i, 
flj.n 6 Ni and any a^^l G iVi-i 

'^i,2(/A'i,i-l,i(ai-l)(ai4), f NiA-lA{ai-l){o-i,m)) 
=^i,2{fi-lA{o.i-l){o.i,l), /i- l,i (Oi- 1 ) (ai,m)) 

=.fi-i,t (ai^i ) (^^4,2 (oi, 1 , . . . , ai,,„)) 

=/7Vi,i-l,i(ai-l)(Wi,2(ai,l, ai,m)) 

We proved the statement of theorem. □ 

From theorem 3.4.4, it follows that if map (/Ar2,i,2, /Ar„,i.n) is tower of 
subrepresentations of tower of representations /, then map 

{id : Ai Ai,id2 : ^2 ~^ ^2, idn ■ N„ A„) 

is morphism of towers of representations. 

Theorem 3.4.5. The sei^ '^ Bj of all towers of subrepresentations of tower of 
representations f , generates a closure system on tower of representations f and 
therefore is a complete lattice. 

Proof. Let for given A S A, K\^i, i ~ 2, n, be subalgebra of Ji-algebra 
Ai that is stable relative to representation f 1-1,1- We determine the operation of 
intersection on the set Bj according to rule 

fl-Z'^A,,-!,. = /ni^A,.-!,. i = 2,...,n 

r\Kx,i is subalgebra of ^J^-algebra Ai. Let Oi e riK\,i. For any A £ A and for any 
Oi-i 6 Ki_i, 

fi-i,i{ai-i){ai) e Kx,i 

Therefore, 

fi-isiai-i){ai) g Ki 

Repeating this construction in the order of increment i, i = 2, n, we see that 
{Ki, Kn) is tuple of stable sets of tower of representations /. Therefore, we 
determined the operation of intersection of towers of subrepresentations properly. 

□ 

^•^Assume A^i = Ai. 

•^■■^This definition is similar to definition of tiic lattice of subalgebras ([12], p. 79, 80) 
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We denote the correspondmg closure operator by J{f)- If we denote X^^ the 
tuple of sets {X2 C A2, C An) then J(/,X[i]) is the intersection of all 

tuples {Ki, Kn) stable with respect to representation / and such that for i = 2, 

n, Ki is subalgebra of ^J^-algebra Ai containing Xi? '^ 

Theorem 3.4.6. Lef '^ f be the tower of representations. Let Xi C Ai, i~2, 
n. Assume Y\ = A\. Step by step increasing the value of i, i — 2, n, we define 
a subsets Xi_„i C Ai by induction on m. 

^ifi = Xi 

xi e Xi^„i, ...,Xp e Xi^m,oj e S'j(p) => t^ixi,...,Xp) e Xj_,„+i 

Xi e Xi^„i,Xi-i e => fi-i^i{xi-i){xi) e Xi^^+i 

For each value ofi, we assume 

00 

Then 

Y ={¥,,...,¥„) =1(7, X^^) 

Proof. For each value of i the proof of the theorem coincides with the proof 
of theorem 2.4.4. Because to define stable subset of S^i-algebra Ai we need only 
certain stable subset of i?i_i-algebra Ai-i, we have to find stable subset of ^i-i- 
algebra Ai-i before we do this in JJi-algebra Ai. □ 

J(/,X[i]) is called tower of subrepresentations of tower of representa- 
tions / generated by tuple of sets X[i], and is a tuple of generating 
sets of tower subrepresentations J(/,X[i]). In particular, a tuple of gener- 
ating sets of tower of representations / is a tuple {X2 C A2,...,Xn C An) 
such that 7(7, ) = A. 

Definition 3.4.7. Let {X2 C A2, Xn C An) be tuple of generating sets of tower 
of representations /. Let map h be endomorphism of tower of representations /. 
Let the tuple of sets Xj^j = h{X[i]) be image of tuple of sets X[i] under the map 
h. Endomorphism h of tower of representations / is called regular on tuple of 
generating sets X[i], if the tuple of sets X'^^i is tuple of generating sets of tower 
of representations /. Otherwise, endomorphism h is called singular on tuple of 
generating sets X^^, □ 

Definition 3.4.8. Endomorphism of tower of representations / is called regular, 
if it is regular on any tuple of generating sets. □ 

It is easy to see that definition of the tuple of generating sets of tower of 
representations does not depend on whether tower of representations is effective or 
not. For this reason hereinafter we will assume that the tower of representations is 
effective and we will use convention for effective r*-representation in remark 2.1.9. 

From theorem 3.4.6, it follows next definition. 

•^•^For n = 2, J2(/i,2,^2) = Jfi 2(^2)- It would be easier to use common notation in sections 
2.4 and 3.4. Howewver I think that using of vector notation in section 2.4 is premature. 
^■^The statement of theorem is similar to the statement of theorem 5.1, [12], p. 79. 
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Definition 3.4.9. Let {X2 C A2, ■■■,Xn C An) be tuple of sets. For each tuple 
of elements a, a G J(/,X[i]), there exists tuple of ^J-words defined according to 
following rule. 

(1) If ai G j4i, then ai is ^Ji-word. 

(2) If flj G Xi, i ~ 2, n, then ai is ^J^-word. 

(3) If tti^i, fli p are g^i-words, i — 2, n, and lj G then ai^i...ai,pU) 
is S'i-word. 

(4) If tti is g'i-word, « = 2, n, and a^-i is S'i-i-word, then ai-iUi is S'i- 
word. 

Tuple of 3^- words 

w{aJ,X[i]) = (wi(ai,7,X[i]),...,w„(a„,7,X[i])) 

that represents given element a G J{f,X[i]) is called tuple of coordinates of 
element a relative to tuple of sets -'^[i]- Denote W{f,X[i]) the set of 
tuples of coordinates of tower of representations J{f,X[i]). □ 

Representation of ai G Ai as S'i-word is ambiguous. If a^^i, ai^p are S^i-words, 
w G di{p) and Oi-i G Ai-i, then g'i-words ai-iai^i...ai^pU} and ai_iai,i...ai_iai,pa; 
represent the same element of ^J^-algebra Ai . It is possible that there exist equations 
related with a character of a representation. For instance, if uj is the operation of 
5^i_i-algebra Ai-i and the operation of iJi-algebra Ai, then we can request that 
5^i-words ai-i^i...ai-i^pLL!ai and ai-i^iai...ai-i^paiUJ represent the same element of 
5^i-algebra Ai. Listed above equations for each value i, i ~ 2, n, determine 
equivalence on the set of iJ^-words According to the construction, 

equivalence on the set of S^^-words Wi{f, ^[1]) depends not only on the choice of 
the set Xi, but also on the choice of the set Xi^i. 

Theorem 3.4.10. Endomorphism r of tower of representations f forms the map 
of coordinates 

w(f, r, ) : W(7, ) ^ W(7, ) C = r [1] ) 

such that for any i, i = 2, n, 

(1) // ai G Xi, a- = ri{ai), then 

Wi(j,r,X^i-^){ai) = a- 

(2) // 

0-1,1, ■■■,ai,n e Wi{f,X[i\) 
o't,!^ w^J,r,X{■^){a^,l) ... = u;(7,r,X[i])(a,,p) 

then for operation G S^i (p) holds 

m{7,r, Xf^i]){a,,i...ai,pUj) = a',^^...a[ pUj 

(3) // 

a^ G Wi(J,X^2])_ o-'i = '>^ii7,r,X[i]){a-i) 

Ui-i G Wi_i(/,X[i]) a'^_;^ = w,_i(/,r,X[i])(aj_i) 

'«i(7,f',-'^[i])(ai-ia») = a^-ifli 
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Proof. Statements (1), (2) of the theorem are true by definition of the endo- 
morpism hi. The statement (3) of the theorem follows from the equation (3.2.3). □ 

Theorem 3.4.11. Let f be tower of representations. Let map 

ri : Ai ^ Ai 

be endomorphism of ^i-algebra Ai. For given sets Xi C Ai, X[ C Ai, i = 2, 
n, let map 

Ri '■ Xi —i- X'i 

agree with the structure of 'Si- algebra Ai, i. e. for given operation uj £ Si{p), if 
then 

Ri{xi^i...Xi^pLo) = Ri{xi^i)...Ri{xi^p)uj 
Let us consider the map of coordinates 

«j(7,(ri,i?2,...,i?,0,^[i]) : -> 

that satisfies conditions (1), (2), (3) of theorem 3.4.10. For each i, i ~ 2, n, 
there exists endomorphism 

ri '. Ai y Ai 

defined by rule 

(3.4.2) r,(aj) = w^ij ,{ri, R2, ...,Rn), X^i^^){w;{aiJ , X^^)) 

and the map r is morphism of towers of representations J{f,X[^) and J{f , X'^^). 

Proof. If n = 1, then tower of representations / is representation of S'l-algebra 
Ai in 3'2-algebra A2. The statement of theorem is corollary of theorem 2.4.9. 

Let the statement of theorem be true for n — 1. We do not change notation 
in theorem when we move from one layer to another because a word in ^n-i- 
algebra An-i does not depend on word in 5^„-algebra A„. We prove the theorem 
by induction over complexity of S^„-word. 

If «;„(«„, f,X[^) = a„, then a„ S X„. According to condition (1) of theorem 
3.4.10, 

r„(a„) = Wn{f, (ri,i?2, i?„), X[i])(-u;„(a„, /, X[i])) 
= Wnif, (ri,i?2, ...,i?„),X[i])(a„) 
= i?,i(a„) 

Therefore, maps r„ and i?„ coinsidc on the set X„, and the map r„ agrees with 
structure of 3^„-algebra. 

Let a; € J?n(p)- Let the statement of induction be true for 

On,!, On.p G •^n(/, ^[1]) 

Let 

Wn,l = Wn{an,l,f,X[i]) ... W„,p = W„ (a„,p , /, ) 

If 
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then according to condition (3) of definition 3.4.9, 

W„(a„,/,X[i]) ^ Wn,l---Wn,pUJ 

According to condition (2) of theorem 3.4.10, 
r„(a„) = w„{f, (ri,i?2, i?„), X[i])(u;„(a„, /, 

= W„(/, (ri,i?2, ..; Rn), X[i]){Wn,l...Wn,pUj) 

= Wnif, (ri,-R2, ...,i?„),X[i])(w„,i)...W„(/, (ri,i?2, X[i])(w„^p)lLJ 

Therefore, the map ?■„ is cndomorphism of 3^„-algebra A„. 
Let the statement of induction be true for 

an £ Jn{f,X[2])_ w„(a„,/,X[i])_= it)„ 

a„-i e J„-i(/,X[i]) w„_i(a„_i,/,X[i]) = w„-i 

According to condition (4) of definition 3.4.9, 
According to condition (3) of theorem 3.4.10, 

/,^[i])) 

= WnX/, (ri,i?2, ...,i?„), A:[i])(w„„i-u;„) 

= Wn~lU, i?2, X[l])(w„-l)lU„(/, (^l, i?2, i?n ) , -'^[l] ) ("Wri ) 

= r„_i(a„_i)r„(a„) 

From equation (3.2.3) it follows that the map r is morphism of the tower of repre- 
sentations /. □ 

Theorem 3.4.12. Automorphism r of tower of representations f is regular endo- 
morphism. 

Proof. Let X^^ be tuple of generating sets of tower of representations /. Let 

According to theorem 3.4.10 cndomorphism r forms the map of coordinates 

Let a' G A. Since r is automorphism, then there exists a € A, r(a) — a'. 
According to definition 3.4.9, w{a,X[i]) is coordinates of a relative to tuple of 
generating sets X[i]. According to theorem 3.4.11, 

w{a\X[^) = uJ(7,r,X[i])(w(a,X[i])) 

is coordinates of a' relative to tuple of sets X'^^ . Therefore, X'^^i is generating set 
of representation /. According to definition 3.4.8, automorphism r is regular. □ 

If the tuple of sets X[i] is tuple of generating sets of tower of representations /, 
then any tuple of sets Y[i] , Xi C Yi C Ai, i = 2, n, also is tuple of generating sets 
of tower of representations /. If there exists tuple of minimal sets generating 
the tower of representations /, then the tuple of sets X^^ is called basis of tower 
of representations /. 



3.5. Examples of Basis of Tower of Representation 



41 



Theorem 3.4.13. We define a basis of tower of representations by induction over 
n. For n = 2, the basis of tower of representations is the basis of representation 
fi,2- If tuple of sets ^[i,™] is basis of tower of representations /[ij, then the tuple 
of generating sets of tower of representations f is basis iff for any a„ G X„ 
the tuple of sets (X2, ...,X„_i,X„ \ {a„}) is not tuple of generating sets of tower 
of representations f . 

Proof. For n = 2, the statement of the theorem is corollary of the theorem 
2.4.11. _ 

Let n > 2. Let X^^ be tuple of generating sets of tower of representations /. 
Let tuple of sets X[i „] be basis of tower of representations /[„]. Assume that for 
some a„ e Xn there exist word 

(3.4.3) Wn = w„(a„, /, (Xi, ...,X„_i,X„ \ {a„})) 
Consider a'^ G An such that it has word 

(3.4.4) <=«;„(a:,J,X[i]) 

that depends on a„. According to the definition 2.4.7, any occurrence a„ into word 
w'n can be substituted by the word Wn- Therefore, the word w'^ does not depend 
on a„, and the tuple of sets {X2, Xn-i, Xn \ {ci„}) is the tuple of generating 
sets of tower of representations /. Therefore, is not basis of the tower of 
representations /. □ 

The proof of the theorem 3.4.13 gives us effective method for constructing the 
basis of tower of representations /. We start to build a basis in the most low layer. 
When the basis is constructed in layer i, i = 2, n — 1, we can proceed to the 
construction of basis in layer i + 1. 

Theorem 3.4.14. Automorphism of the tower of representations f maps a basis 
of the tower of representations f into basis. 

Proof. For n = 2, the statement of theorem is corollary of the theorem 2.4.13. 
Let the map r be automorphism of the tower of representations /. Let the 
tuple of sets X[i] be a basis of the tower of representations /. Let X'^^^ = r[i]{X[i]). 

Assume that the tuple of sets X'^^ is not basis. According to the theorem 3.4.13 

there exist i, i = 2, n, and a- G X- such that the tuple of sets ^"i]"^'^ is tuple of 

generating sets of the tower of representations /. According to the theorem 3.3.3 
the map r~^ is automorphism of the tower of representations /. According to the 
theorem 3.4.12 and definition 3.4.8, the tuple of sets Ar|"j'^'^ is tuple of generating 

sets of the tower of representations /. The contradiction completes the proof of the 
theorem. □ 

3.5. Examples of Basis of Tower of Representation 

Afhne space is effective representation of vector space in Abelian group. We 
consider this example in chapter 6. 



^■^X'" =X„j^i,X[" =X,\{x,} 
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3. Tower of Representations of ^-Algebras 



Example 3.5.1. Let A2 be free algebra over field Ai. Considering the algebra A2 
as a ring, we can determine free vector space A3 over the algebra A2. Let .326 be 
basis of algebra ^3 over algebra A2 . A vector 03 G A3 has representation 



(3.5.1) 



0.3 = 03 .326^ = (4 •■• 03) 



■3261 



•326,1 



Let .216 be basis of algebra A2 over field Ai. Because 03 G A2, we can write their 
coordinates relative to basis .216 



(3.5.2) 



7 ji — ( jl 

0.3 = % ■2iei = (03 




From equations (3.5.1), (3.5.2) it follows 
(3.5.3) 



j 'l — — 

03 — 03 -216^ .326^ 



•2161 



H ) 



■216,1 



■2161 



■2l6„ 




•3261 



326ii 



Equation (3.5.3) shows the structure of coordinates in vector space A3 over field 
Ai. It is easy to see that vectors 

■316^ = .2iei .326^- 

are linear independent over field Ai. Therefore, we build the basis .316 of vector 
space A3 over field Ai. Therefore, we can rewrite equation (3.5.3) as 

/ -31611 \ 



(3.5.4) 



03 = ^3 -31 ey 



■3ieim 
•3l6ril 
y -31 6nm J 



It is easy to see that we can identify vector .316^^ with tensor product .216^ ® 

•326,-. □ 



CHAPTER 4 



Geometry of Division Ring 

4.1. Center of Division Ring 
Definition 4.1.1. Let D he a. ring."*-^ The set Z{D) of elements a € D such that 

(4.1.1) ax = xa 

for all a; G Z?, is called center of ring D. □ 

Theorem 4.1.2. The center Z{D) of ring D is subring of ring D. 

Proof. The statement follows immediately from definition 4.1.1. □ 

Theorem 4.1.3. The center Z{D) of division ring D is subfield of division ring 
D. 

Proof. According to theorem 4.1.2 it is enough to verify that a^^ E Z{D) if 
a G Z{D). Let a G Z{D). Repeatedly using the equation (4.1.1) we get chain of 
equations 

(4.1.2) aa~^x = x = xaa^^ = axa^^ 
From (4.1.2) it follows 

a~^x = xa~^ 

Therefore, q-^ G Z{D). □ 
Definition 4.1.4. Let D be a ring with unit element e."*'^ The map 

I: Z D 

such that l{n) — ne is a, homomorphism of rings, and its kernel is an ideal (n), 
generated by integer ti > 0. We have canonical injective homomorphism 

Z/7iZ D 

which is an isomorphism between Z/nZ and subring of D. If nZ is prime ideal, 
then we have two cases. 

• n = 0. D contains as subring a ring which isomorphic to Z , and which is 
often identified with Z. In that case, we say that D has characteristic 
0. 

• n ~ p for some prime number p. D has characteristic p, and D contains 
an isomorphic image of Fp ~ Z/pZ . 

□ 

Theorem 4.1.5. Let D be ring of characteristic and let d E D. Then every 
integer n E Z commutes with d. 

page 89. 

^■"^I made definition according to definition from [1], pages 89, 90. 

43 



44 



4. Geometry of Division Ring 



Proof. We prove statement by induction. The statement is evident for n = 
and n = 1. Let statement be true for n = k. From chain of equation 

{k + l)d = kd + d = dk + d = d{k + 1) 

evidence of statement for n = A; + 1 foUows. □ 

Theorem 4.1.6. Let D be ring of characteristic 0. Then ring of integers Z is 
subring of center Z{D) of ring D. 

Proof. Corollary of theorem 4.1.5. □ 

Let D be division ring. If D has characteristic 0, D contains as subfield an 
isomorphic image of the field Q of rational numbers. If D has characteristic p, D 
contains as subfield an isomorphic image of Fp. In either case, this subfield will be 
called the prime field. Since the prime field is the smallest subfield of D containing 
1 and has no automorphism except identity, it is customary to identify it with Q 
or Fp as the case may be. 

Theorem 4.1.7. Let D be division ring of characteristic and let d £ D . Then 
for any integer n E Z 

(4.1.3) n-^d = dn~^ 

Proof. According to theorem 4.1.5 following chain of equation is true 

(4.1.4) n~^dn = nn'^d = d 

Let us multiply right and left sides of equation (4.1.4) by n^^ . We get 

(4.1.5) n^^d = n^^dnn^^ = dn^^ 

(4.1.3) follows from (4.1.5). □ 

Theorem 4.1.8. Let D be division ring of characteristic and let d E D. Then 
every rational number p E Q commutes with d. 

Proof. Let us represent rational number p E Q aa p = mn'~^, m, n E Z . 
Statement of theorem follows from chain of equations 

pd = mn~^d = n~^dm = dmn~^ = dp 

based on the statement of theorem 4.1.5 and equation (4.1.3). □ 

Theorem 4.1.9. Let D be division ring of characteristic 0. Then field of rational 
numbers Q is subfield of center Z{D) of division ring D. 

Proof. Corollary of theorem 4.1.8. □ 

4.2. Geometry of Division Ring over Field 

We may consider division ring D as vector space over field F C Z{D). We will 
use following conventions. 

(1) We do not use standatrd notation for vector when we consider element of 
division ring D considering it as vector over field F . However we will use 
another coUor for index for notation of coordinates of element of division 
ring D as vector over field F . 

(2) Because F is field, we can write all indexes on right side of root letter. 
However we will use the same conventions, that we use for division ring. 



4.2. Geometry of Division Ring over Field 
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Let e be basis of division ring D over field F . Then we may present any element 

a e as 

(4.2.1) a = a* iC 

where G F. When dimension of division ring D over field F infinite, then basis 
may be either countable, or its power is not less than power of continuum. If basis is 
countable, then we put constraints on coefficients a* of expansion (4.2.1). If power 
of the set / is continuum, then we assume that there is measure on the set / and 
sum in expansion (4.2.1) is integral over this measure. 

Since we defined product in the division ring D, we consider the division ring 
as algebra over field F. For elements of basis we assume 

(4.2.2) ieje = ijB^'ke 

Coefficients i jB^ of expansion (4.2.2) are called structural constants of division 
ring D over field F. From equations (4.2.1), (4.2.2), it follows 

(4.2.3) ab = a' V ijB^ 

From equation (4.2.3) it follows that 

, . [ab)c = [abf ijB'' 

^ ■ ■ ' = a'" 6- ^^B' ijB'' fee 

, . a{bc) = a* {bey ijB'' 

^ ' = a' h-^ „,^B^ ijB'' fee 

From associativity of product 

{ab)c ~ a{bc) 

and equations (4.2.4) and (4.2.5) it follows that 

(4.2.6) a'" b" ^^B' c> ijB'^ ^e = a' 6™ c" ^r^B^ ijB'' fee 

Because vectors a, b, c are arbitrary, and vectors fee are linear independent, then 
from equation (4.2.6) it follows that 

(427) B'' — B^ ■ B^ 

Theorem 4.2.1. Coordinates a-' of vector a are tensor 

(4.2.8) a^ = a'^ iA^ 

Proof. Let e' be another basis. Let 

(4.2.9) i'^ = iA^ je 

be transformation, mapping basis e into basis e'. Because vector a does not change, 
then 

(4.2.10) a = a'* i'e' = je 
From equations (4.2.9) and (4.2.10) it follows that 

(4.2.11) a-> je = a ' id = a'^ iA^ je 

Because vectors je are linear independent, then equation (4.2.8) follows from equa- 
tion (4.2.11). Therefore, coordinates of vector are tensor. □ 

Theorem 4.2.2. Structural constants of division ring D over field F are tensor 

(4.2.12) r^A-^' ^A-^^ i^B'^ uA' = r^r^B' 
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Proof. Let us consider similarly the transformation of product. Equation 
(4.2.3) has form 

(4.2.13) ab = a'' b'^ ijB"' 

relative to basis e'. Let us substitute (4.2.8) and (4.2.9) into (4.2.13). We get 

(4.2.14) ah = a" ^A-^' 6'" ^A-^^ i,B"' ^A' le 
From (4.2.3) and (4.2.14) it follows that 

(4.2.15) a" r^A-^' h"' rr^A-^j ijB''' kA' ,e = a" 6™ le 

Because vectors a and b arc arbitrary, and vectors ;e are linear independent, then 
equation (4.2.12) follows from equation (4.2.15). Therefore, structural constants 
are tensor. □ 



CHAPTER 5 



Quadratic Map of Division Ring 

5.1. Bilinear Map of Division Ring 

Theorem 5.1.1. Let D be division ring of characteristic 0. Let F be field which 
is subring of center of division ring D. Let e be basis in division ring D over field 
F. Standard representation over field F of bilinear map of division ring 

has form 

(5.1.1) f{a, b) = (I)/'-''' iC a je b ue + (2)f^^ iC b ^e a 

Expression (t)/*''' in equation (5.1.1) is called standard component over field 
F of bilinear map /. 

Proof. The statement of theorem is corollary of theorem [7J-9.3.6. Here we 
have transpositions 

□ 

Theorem 5.1.2. Let field F be subring of center Z[D) of division ring D. Let e-i 
be basis of division ring D over field F. We can represent bilinear function 

g : D X D ^ D 

as D-valued bilinear form over field F 

(5.1.3) g{a,b) = a' V ijg 
where 

a = a^ iC 
b ^ V je 

(5.1.4) ijg = g{ie,je) 

and values ijg are coordinates of D-valued covariant tensor over field F. 

Proof. The statement of theorem is corollary of theorem [7J-9.3.7. □ 

The matrix G = \i)g\ is called matrix of bilinear function. If matrix G is 
nonsingular, then bilinear function g is called nonsingular. 

Theorem 5.1.3. Bilinear map 

g : D X D ^ D 
is symmetric iff the matrix G is symmetric 

ij9 — ji9 
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Proof. The statement of theorem is corollary of theorem [7]-9.3.8. □ 
Theorem 5.1.4. Bilinear map 

g: D X D ^ D 
is skew symmetric iff the matrix G is skew symmetric 

ijd = ~ji9 

Proof. The statement of theorem is corollary of theorem [7J-9.3.9. □ 
Theorem 5.1.5. Components of bilinear map 

g:D X D ^ D 
and its matrix over field F satisfy to equation 

(5.1.5) p,,.g - ipB'^ sjB' i^B' tkB'' + ^2)9''" igB' sjB' ipB' tuB^ ,e 

(5.1.6) pq.g' = (1)9^''^ ipB" sjB^ iqB* tkB^ + [2)9^''^ igB" sjB'' ipB*^ tkB^ 

Proof. The statement of theorem is corollary of theorem [7J-9.3.10. To prove 
statement it is enough to substitute (5.1.2) into equations [7]-(9.3.14), [7]-(9.3.15). 

□ 

Theorem 5.1.6. Suppose bilinear map 

g:D X D ^ D 
has matrix G = ||i;.g|l. Then there exists bilinear map 

g' : Dx D ^ D 
with matrix G' = Wijg'W, ijg' = ji9- 
Proof. Assume 

(5.1.7) (i)g'^-''^- = (2)5'-'^- (2)9"'" = (1)9''" 
From equations (5.1.6), (5.1.7) it follows that 

qpg'^ = (i)s'*^'' iqB" sjB^ ipB* tkB'' + (2)9"^'' ipB" sjB^ IqB* tkB^ 
= (2)5*"''° iqB" sjB^ ipB* tkB^ + (1)5*"''' ip-B* sjB' jgB* tkB^ 

r 

— pq9 

□ 

5.2. Quadratic Map of Division Ring 
Definition 5.2.1. Let D be division ring. The map 

h: D ^ R 

is called quadratic, if there exists biliear map 

g:D X D ^ D 

such that 

h{a) ~ g{a, a) 

Bilinear map g is called map associated with the map h. □ 



5.2. Quadratic Map of Division Ring 
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For given map h the map g is defined ambiguously. However according to 
theorem 5.1.6, we always can assume that bilinear map g is symmetric 

g{a,b) g{b,a) 

Indeed, if bilinear map 171, associated with map ft,, is not symmetric, then we assume 

g(a,6) = ((7i(a,6)+.gi(6,a))/2 

Because bilinear map is homogeneous of degree 1 over field R with respect to 
each variable, quadratic map is homogeneous of degree 2 over field R. 

Theorem 5.2.2. Let D be division ring of characteristic 0. Let F be field which 
is subring of center of division ring D. Letp be basis in division ring D over field 
F. Standard representation of quadratic map of division ring over field 

F has form 

(5.2.1) f{a) = /'J^ ip a ,p a kP 

Expression in equation (5.2.1) is called standard component of quadratic 
map / over field F. 

Proof. The statement of theorem is corollary of theorem 5.1.1. □ 

Theorem 5.2.3. Let field F be subring of center Z{D) of division ring D. Let 
e be basis of division ring D over field F. We can represent quadratic map f as 
D-valued quadratic form over field F 

(5.2.2) f(a)=a'a^ijf 
where 

a = a* ie 

(5.2.3) ,,/ = g(,e,je) 

and g is associated bilinear map. Values ijf are coordinates of D-valued covariant 
tensor over field F. 

Proof. For selected bilinear map g associated to map /, the statement of 
theorem is corollary of theorem 5.1.2. We need to prove independence of coordinates 
of quadratic map from choice of an associated map g. 

Assume, gi, 32 arc bilinear maps associated to the map /. Than 

(5.2.4) iifi = 51 (ie, ic) = g2(ie, ^e) = ii/2 
For arbitrary a £ D, 

a* ijfi = a'' ij/2 
If for given i, j we consider a £ D such that Oi = aj — 1, then we get 

(5-2.5) ii/i + ijfi + jifi + jjfi = ii/2 + ij/2 + ji/2 + 

From equations (5.2.4), (5.2.5) it follows that 

ijfi ~^ jifi ~ ij f'2 ~t~ jif2 

Therefore, if associated bilinear map is symmetric, then this map is determined 
unique. □ 

The matrix F = \ijf\ is called matrix of quadratic map. If the matrix F is 
regular, then the quadratic map / is called regular. The rank of the matrix F is 
called rank of quadratic map /. 
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Theorem 5.2.4. The quadratic over field F map 

f-.D-^D 
is defined as map over division ring iff 

(5.2.6) pq/ =rJ'^ ipB' sjB' igB' tkB"- rP 

(5.2.7) p<?/^ —pjk .^J^s ^^j^l ^^Qt ^^j^r 

Proof. Let us substitute 

a — a' jp 

in equation (5.2.1). Than equation (5.2.1) gets form 
/(a) ip pp jp a'^ gp uP 

(5.2.8) =aP a" ip pP jp gP kP 

=aP a" ipB' sjB' u,B' tkB^ rP 
Equation (5.2.6) follows from comparision of equations (5.2.8) and (5.2.2). □ 

From theorem 5.2.3, it follows that coordinates pqf form tensor. We described 
the structure of acceptable transformations in theorem [7J-9.2.11. 

Theorem 5.2.5. Let field F he subring of center Z{D) of division ring D. Let p 
be basis of division ring D over field F. Let ijB'^ be structural constants of division 
ring D over field F . If 

det(a' {ijB'' + jiB'')) ^ 

then equation 

(5.2.9) ax + xa = b 

has the unique solution. 

If determinant equal 0, then F-linear dependence of vector b from vectors 
a* {ijB^ + jiB'') kp is condition of existence of solution. In this case, equation 

(5.2.9) has infinitely many solutions. Otherwise equation does not have solution. 

Proof. From equations (4.2.3), (5.2.9), it follows that 

(5.2.10) a' x^ ijB^ kP + x' a-' ijB'' kj> = h^ kP 

Since vectors ^.p are linear independent, then from equation (5.2.10) it follows that 
coordinates x-' satisfy to the system of linear equations 

(5.2.11) x^ a' iijB'' + jiB'') = b'' 

Therefore, if determinant of the system (5.2.11) does not equal 0, then the system 
has unique solution. 

Similarly, if determinant equal 0, then equality of the rank of the extended 
matrix and the rank of the matrix of the system of linear equations is the condition 
of existence of solution. □ 

Theorem 5.2.6. Let field F be subring of center Z(D) of division ring D. There 
exists a quadratic map f such that we can find a basis p over field F such that map 
f is represented as sum of squares. 
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Proof. Reduction of quadratic form to diagonal representation is done the 
same way as is done in [4], p. 169 - 172. Considered transformations of variables are 
associated with the corresponding transformation of basis. We are not concerned 
in whether these transformations of basis are acceptable. The reason is that the 
basis chosen initially may not be connected with the canonical basis by acceptable 
transformation. But for us it is important that the final presentation of mapping 
/ should be acceptable. 

We will prove the statement by induction on number of variables in represen- 
tation of quadratic map. For this we write the quadratic map / in the form of map 
of n variables a^, a"^ 

(5.2.12) /(a)-/(a\...,a")=a^a^^ ijf 

Representation of quadratic map in the form (5.2.12) is called quadratic form. 

The statement is evident, when quadratic form depends on one variable a^, 
because in this case the quadratic form has form 

f{a') = [a^)\^f 

Assume, the statement of the theorem is true for quadratic form of 7i — 1 
variables. 

(1) Let the quadratic form holds squares of variables. Without loss of gener- 
ality, assume n/ ^ 0. Let us consider the map 

(5.2.13) /i(a\...,a")=/(a\...,a")-ii/-i {a^ ^hf 
We select values jh so as to satisfy the equation 

(5.2.14) 2^if ijf=ihjh + jhih 
When j = 1, from equation (5.2.14) it follows that 

(5.2.15) ih= ii/ 

When j > 1, from equations (5.2.14), (5.2.15) it follows that 

(5.2.16) 2 iif = ^^f jh + jh iif 
From theorem 5.2.5 it follows that if 

(5.2.17) detdir iijB'^' + jiB'^)) + 

then equation (5.2.16) has unique solution. We assume that condition 
(5.2.17) is satisfied and consider change of variables 

6^ = jh 

b' = a' i>l 

Therefore, the map /i(a^, a") does not depend on . According to 
definition (5.2.13), we represented the map f{a^, a") as sum of square 
of variable and quadratic map that does not depend on b^. 

f{a\...,an = ^^f-' (&i)2 + /i(62,...,6") 

Since form fi depends on n — 1 variable, we can find a transformation of 
variables that leads this form to the sum of squares of variables. 
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(2) If ii/ =••• = ,!,,!,/ = 0, then we need an additional linear transformation 
that lead to appearance of squares of variables. Assume 12/ 7^ 0. Let 
us consider the linear transformation 

= 6^ + 1? 
a' =b' i>2 
As a result of this transformation term 

2 12/ 

gets form 

2(6^)%2/-2(&2)S2/ 
We got quadratic form considered in case (1). □ 

If all coefficients of the quadratic form in canonical representation are real, then 
/(a) G R for any a € D. 

Definition 5.2.7. Let D be division ring. Quadratic map 

f-.D^D 

is called positive definite when 

/(a) e R 

for any a € D and following condition is true 

/(a) > 

/(a) = => a = 

Positive definite quadratic map / is called Euclidean metric on division ring 
D. Symmetric associative bilinear map g is called Euclidean scalar product on 
division ring D. □ 

If quadratic map / is not positive definite, then this map is called pseudo- 
Euclidean metric on division ring D. Symmetric associative bilinear map g is 
called pseudo-Euclidean scalar product on division ring D. Let e be the basis 
such that form / is presented as sum of squares in this basis. There exist vectors 
of basis Ci such that /(e;) < 0. For arbitrary a = e-i let us define operation of 
conjugation using the equation 

a* = sign{f{ei))a^ Ci 

Expression a* is called hermitian conjugation. 

Let us consider biadditive map 

g%a,b)^g{aX) 
na)=g*{a,a) 

The map f*{a) is positive definite and is called hermitian metric on division 
ring D. Symmetric associative bilinear map g* is called hermitian scalar prod- 
uct on division ring D. 

If the map 

a a* 

is linear, then hermitian scalar product coinsides with Euclidean scalar product. 
Similar statement is true for metric. 
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D-Affine Space 

6.1. i:>-Affine Space 

o 

Definition 6.1.1. Let us consider a set of points A and a set of vectors A.^'^ The 

o 

set A satisfies to following axioms. 

(1) There exists at least one point 

(2) One and only one vector is in correspondence to any tuple of points (A, B). 

We denote this vector as AB. 

(3) For any point A and any vector a there exists one and only one point B 

such, that AB = a. We will use notation®'^ 

(6.1.1) B^A + a 

(4) (Axiom of parallelogram.) If AB = CD, then AC = BD. 

□ 

_ o 

Definition 6.1.2. Let a and b be vectors. Let A <E A he arbitrary point. Let 

o o _ — y 

B e A, B A + a. Let C E A, C = B + b. Vector AC is called sum of vectors a 
and b 

(6.1.2) a + b = AC 

□ 

Theorem 6.1.3. Vector AA is zero with respect to addition and does not depend 
on point A. Vector AA is called zero-vector and we assume AA = 0. 
Proof. We can write rule of addition (6.1.2) in form of equation 

(6.1.3) AB + BC = AC 
If B = C, then from equation (6.1.3) it follows that 

(6.1.4) AB + BB = AB 

If C = A, B = D, then from axiom (4) of definition 6.1.1 it follows that 

(6.1.5) AA = BB 

The statement of theorem follows from equations (6.1.4) and (6.1.5). □ 



''•"'^I wrote definitions and theorems in this section according to definition of afiine space in [3], 
pp. 86 - 93. 



6.2 



[13], p. 9. 
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Theorem 6.1.4. Leta^AB. Then 

(6.1.6) BA^-a 
and this equation does not depend on a point A. 

Proof. From equation (6.1.3) it follows that 

(6.1.7) AB + sl^AA^O 

Equation (6.1.6) follows from equation (6.1.7). Applying axiom (4) from definition 

6.1.1 to equation AB = CD we get AC = BD, or (this is equivalent) BD = AC. 

Based on axiom (4) of definition 6.1.1 again BA = DC follows. Therefore, equation 
(6.1.6) does not depend on point A. □ 

Theorem 6.1.5. Sum of vectors a and b does not depend on point A. 

Proof. Let a = AB = A^'. Let b = BC = B^'. Let 

AB + BC ^AC 

A^' + BV' = A^' 
Aecording to axiom (4) of definition 6.1.1 

(6.1.8) A^A = B^B = CUJ 

Applying axiom (4) of definition 6.1.1 to to outermost members of equation (6.1.8), 
we get 

(6.1.9) A^' = AC 

From equation (6.1.9) the statement of theorem follows. □ 
Theorem 6.1.6. Sum of vectors is associative. 

Proof. Let a — AB, b ~ BC, c = CD. From equation 

a + 5 =ylC 
AB ^ BC ^AC 



it follows that 
(6.1.10) 
From equation 



(a + 5) + c = AD 
AC + CD ^AD 

b + c = BD 
BC + CD = BD 



it follows that 

(6.1.11) J + 1+^) =5* 

AB + BD = AD 

Associativity of sum follows from comparison of equations (6.1.10) and (6.1.11). □ 
Theorem 6.1.7. The structure of Abelian group is defined on the set A. 
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Proof. From theorems 6.1.3, 6.1.4, 6.1.5, 6.1.6 it follows that sum of vectors 
determines group. 

Let a = AB, b = BC. 

(6.1.12) ^ + L =5 

AB + BC = AC 

According to axiom (3) of definition 6.1.1 there exists the point D such that h = 

AD = BC. According to axiom (4) of definition 6.1.1 AB = DC = a. According 
to definition of sum of vectors 

(6.1.13) AD + DC ^ AC 

b + a ^AC 

comniutativity of sum follows from comparison of equations (6.1.12) and (6.1.13). 

□ 

Theorem 6.1.8. The map 

(6.1.14) A-^A* 

defined by equation (6.1.1), is an effective representation of Abelian group A. 

Proof, axiom (4) of definition 6.1.1 determines the map (6.1.14). From the- 
orem 6.1.5, it follows that the map (6.1.14) is a representation. Efiiciency of the 
representation follows from theorem 6.1.3 □ 

Definition 6.1.9. Let D be division ring of characteristic 0. Effective represen- 
tation of division ring D in Abelian group A forms the tower of representations 

(6.1.15) A = {{D,A,A),(v^dv,A^A + v)) 

The tower of representations (6.1.15) is called D-afHne space. □ 

6.2. Basis in D-AfRne Space 

Since Z?-affine space is the tower of representations (6.1.15), we will use tuple 

{aeA,BeA) 
for representation of an element of affine space. 

o — > > 

We select point O € A as base point of affine space A. Vector OA e A is 
coordinate of point A. However, because we can determine D**-basis e in vector 

space A, we can identify coordinates A^,...,A^ of vector OA with coordinates of 
point A relative basis (e, O). 

Definition 6.2.1. L'**-afRne basis (e, O) — (^e, O) is set of Z?*, -linear indepen- 
dent vectors e.i = OAi — {ej, ef) with common start point O ~ {O^ , O"). □ 

Definition 6.2.2. Z?**-Basis manifold B{D*,:An) of affine space is set of 

D**-bases of this space. □ 
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We can represent the map of basis (e, O) into basis (e', O') as product of map of 
basis (e, O) into basis (e, O') and _D*, -linear map of basis (e, O') into basis (e', O'). 
Therefore, Z3**-transformation has form 

W = AM 

o' = o + oh' 

Introducing coordinates A^, A" of a point A G An as coordinates of vector 
OA relative to basis e we can write a linear transformation as 

(6.2.1) A'' ^ A^ jP' + R' rank.. P^n 

(6.2.2) A'\e=(A\P + R)\e 

Vector (i?^, ...,i?") expresses displacement in affine space. 

Theorem 6.2.3. Set of transformations (6.2.2) is the group Lie which we denote 
as GL{An) and call affine transformation group. 

Proof. Let us consider transformations {P,R) and {Q,S). Product of these 
transformations has the form 

A"' = A'^ jQ' + A" ^{A'\Q + S)\e 

= {A^ kP' + W) jQ' + S' = iiA%P + R)\Q + ^)%e 

= A^ uP' + W + S' = {A\P\Q + R\Q + S)\e 

Therefore, we can write product of transformations (P, R) and (Q, S) in form 

(6.2.3) (P, P)%(Q, S) = (P%0, P%Q + S) 

□ 

An active transformation is called affine transformation. A passive transfor- 
mation is called quasi affine transformation. 

If we do not concern about starting point of a vector we see little different type 
of space which we call central affine space CA„ . If we assume that the start point 
of vector is origin O of coordinate system in space then we can identify any point 

A G CAn with the vector a = OA. Now transformation is simply map 

a'* = PiaP dot P 7^ 

and such transformations build up Lie group GL^- 

Definition 6.2.4. Central affine basis e = (e^) is set of linearly independent 
vectors . □ 

Definition 6.2.5. Basis manifold B{CAn) of central affine space is set of 

bases of this space. □ 



CHAPTER 7 



Euclidean Space 



7.1. Euclidean Space 

Let V be D- vector space. We can present bilinear map 

g:VxV-^D 

as 

g{v,w) = ijg{v\w^) 

where ijg are bilinear maps 
Definition 7.1.1. Bilinear map 

g:V xV 

is called symmetric when 

g{w,v) =^ g{v,W) 



jg : ^ D 



□ 



Definition 7.1.2. Bilinear map 

g:V xV ^ D 

is called Euclidean scalar product in Z?- vector space V, if ug is Euclidean scalar 
product in division ring D and ijg — for i ^ j- □ 

Definition 7.1.3. Bilinear map 

g:V xV ^ D 

is called pseudo-Euclidean scalar product in Z?- vector space F , if ug is pseudo- 
Euclidean scalar product in division ring D and ijg = for i ^ j . □ 

If there exists hermitian conjugation in the division ring D, then we can extend 
this operation to D-vector space V , namely for given vector v = ie we define 
hermitian conjugated vector 

V* = {v^y {e 

Definition 7.1.4. Bilinear map 

g:V xV 

is called hermitian scalar product in D- vector space V , if ug is hermitian scalar 
product in division ring D and ijg ~ for i ^ j- □ 
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7.2. Basis in Euclidean Space 

When wc introduce a metric in a central affine space we get a new geometry 
because we can measure a distance and a length of vector. If a metric is positive 
defined we call the space Euclid £n otherwise we call the space pseudo Euclid £nm- 

Transformations that preserve length form Lie group SO{n) for Euclid space 
and Lie group SO{n, m) for pseudo Euclid space where n and m number of positive 
and negative terms in metrics. 

Definition 7.2.1. Orthonornal basis e — (ci) is set of linearly independent vec- 
tors Ci such that length of each vector is 1 and different vectors are orthogonal. □ 

Definition 7.2.2. Baisis manifold B{£n) of Euclid space is set of orthonornal 
bases of this space. □ 

A active transformation is called movement. An passive transformation is 
called quasi movement. 



CHAPTER 8 



Calculus in D-Affine Space 

8.1. Curvilinear Coordinates in D-Affine Space 

— > 

Let A be I?-afEne space over continuous division ring D.^'^ 
Let (le, „e, O) be _D**-basis of afBne space. For each i, i = 1, i = n, we 
define map*'^ 

(8. LI) x,:D^A O + v\e 

For arbitrary point M[v^) we can write vector OM in form of linear combination 

old = x,{v') 

o 

We consider the set of coordinates of affinc space A as homeomorphism 

/ : 1 ^ £>" 

If homeomorphism 

is an arbitrary map of an open set of D-affine space inty an open subset of the set 
then we will say that image of point A under map / is curvilinear coordi- 
nates of point A, and map / is called the system of coordinates. If there are two 
systems of coordinates, /i and /2, then map /i/2~^ is homeomorphism 

g : D" ^ Z?" 

— iZ' ^ iJC ^ ' * ' ? ) 

and is called coordinate transformation. We can consider as particular case the 
coordinate transformation caused by affine transformation. 

Remark 8.1.1. Let us consider a surface S in affinc space defined by equation 

/ : £>" ^ £> 
/(a;i,...,x") = 

Let M(a;') be arbitrary point. A small change of coordinates of the point 

x" = + Ax' 
leads to a small change of function 

A/ = 9/(x)(Ax) 

^■^In this section, I explore curvilinear coordinates the way like it was done in [3], part V. 
^■^There is no sum over index i in equation (8.1.1). 



59 



60 



8. Calculus in _D-Affinc Space 



In particular, if neighboring points M(a;*) and + Ace*) belong to the same 
surface, then vector of increment ML = Ax satisfies to differential equation 

df{x)iAx)^0 
and is called vector tangent to surface S. 

Since the Gateaux derivative of map / in point X is a linear map, then this 
derivative is l-D-form. Let us consider the set of l-_D-forms 

dx^^^ 
ox 

It is evident that 

dx^ 

dxHa) = -T=(a) = fx' + a}) - x" = a' 
ax 

We can represent the Gateaux derivative of arbitrary function in form 



dx dx^ \ dx J dx 
5 10^ df{x) dfjx) ( dx\_^\ df^, i . dfjx) ^^^^ 



dx dx'^ \dx J dx"^ dx^ 

Therefore, the Gateaux derivative of function / is linear combination of 1-D-forms 
Let 

X — X ^ ' ' ' t ) 

be coordinate transformation of affine space. From chain rule (theorem [lOj-6.2.12), 
it follows 

^dx;^^dx;^ /dx^\ ^ dx;^ 

dx dxi \ dx J dx^ 
The coordinate line is a curve, along which changes only one coordinate x*. We 
consider the coordinate line as a curve with a tangent vector 

(8.1.3) x,{x)[v) ^ ^^{v) 

Let the point O has coordinates x. The set of vectors xi, Xn is the basis of affine 
space 

(Xi(x), ...,Xn{x),x) 

(8.1.4) v^x,{x){v') 
Let 

— 'X ^ ' ■ ■ 7 ^ 

be coordinate transformation of affine space. From chain rule (theorem [lOj-6.2.12), 
it follows 

(8.1.5) = = § (|i(..'-)) = (|i(„'-)) 

The rule of transformation of coordinates of vector 

(8.1.6) "' = |S(^') 
follows from comparison of equations (8.1.4), (8.1.5). 
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Example 8.1.2. Let us consider linear coordinate transformation 

(8.1.7) 

Than 
(8.1.8) 



X'" = ax^b + ax^c 
c'2 = + x^ 



(8.1.9) 

From equations 

(8.1.10) 

From equations 



1/2 2 

X ~x — X 

x'^ =a(x'^ — x^)fe + ax^c ~ ax'^h + ax^{c — b) 
ax^{c - b) =x'^ - ax''^b 



.1.8), (8.1.9), it follows inverse transformation 



2-2 = a~^x'^{c - 6)-i - x''^b{c - 6)-i 

x^ = x'^ - a-\'\c - b)-' + x%{c - b)-' 



= -a-^x'\c - 6)-i + x'2(l + 6(c - b)-') 
.1.7), it follows rule of transformation of l-D-forms 
dx'^ = adx^b + adx^c 
dx'^ = dx^ + dx^ 
Rule of transformation of vector 



V = — a 



^/l(c-&)-l+w'2(l+6(c -&)-!) 



=a~^v'\c - b)-^ - v'H{c - 6)-i 



follows from equations (8.1.6), (8.1.10). 

8.2. Paralel Transfer 



□ 



Let a vector v have coordinates Vq in the point Mq. Let the vector MqAIi be 
the vector of infinitesimal displacement. Let A^o = Mq + v, Ni = Mi +v. According 

to axiom 3 of definition 6.1.1 coordinates of vectors MqNq and MiNi equal. How 
this construction will look like in curvilinear coordinates? 

We assume that functions u*(x) are continuously difFcrentiable in the Gateaux 
sense. Therefore, vectors of the local basis Xi and coordinates of the vector -y' are 
functions continuously differentiable in the Gateaux sense. The equation 

(8.2.1) V = x,{x){v'{x)) 

is true at the point M{x). Since v = const, then differentiating the equation (8.2.1) 
with respect to x we get 

dxi(x) , ( dv^ 



..2.2) 



= 



dx 



-iv')ia) + x^{x) —(a) 



From equations (8.1.2), (8.2.2), it follows 

dxi{x) 



.2.3) 



The expression 





dxi(x) 



dxi 



dx3 



{v'){a^) + Xi(x) 



dx 
dx^ 



(a^) 



is a vector of affinc space and, in the local basis 
Xi{x)^ this expression has expansion 
dxi{x) 



(8.2.4) 



dx^ 
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where F^^ are bilinear maps that we caU connection coefficients in D-affine 
space. From equations (8.2.4), (8.2.3), it foUows 

(8.2.5) = Xk{x){T%{v^){a^)) + x,{x) (^^(a^') 

Because Xk{x) is the local basis, than, from equation (8.2.5), it follows 

0^x,{x) fT%{v^)iar) + ^ian 



(8.2.6) o = T%{v^)(^a^) + ^{a^) 



Because a is an arbitrary vector, than we can write the equation (8.2.6) in the 
following form 

(8.2.7) o^r%iv^) + ^ 
Theorem 8.2.1. In ajjine space 

(8.2.8) F),(«^)(a-'-)=rf,K)(«-'') 
Proof. According to equation (8.1.3), 

According to theorem [10] -9. 1.6 

Equation (8.2.8) follows from equations (8.2.4), (8.2.10). □ 
Let 

5 : D" ^ D" 

X — X {^X f ' • • f X ^ 

be coordinate transformation of affine space. Let us differentiate the equation 
(8.1.5) with respect to x'^ 

dx'(x') 

-^i- )(«^) 

(8.2.11) _ (dx^ A 

^^^^'\dx''^^ ' (dx^ \ ( d'^x^ \ 

- — (£i<°">) •"")) 

From equations (8.2.4), (8.2.11), it follows that 
x'^{x'){T%{v'%a'^)) 



.2 
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From equations (8.1.5), (8.2.12) it follows that 

(8.2.13) /g^>p / ^Q^k X ,Q^m X Q2^r XX 

From equation (8.2.13) it follows that 

(8.2.14) Q^fp / /a^;^ \ fdx"' , a^^'' 



CHAPTER 9 



Manifolds with D-Affine Connections 

The main goal of this chapter is to give general presentation about problems 
that we need to solve in process of exploration the differential geometry. 

9.1. Manifolds with Z3-Affine Connections 

Definition 9.1.1. Fibered central D-affine space is called manifold with D- 
afiine connections. □ 

We assume that dimension of base equal to dimension of fiber. This allows us 
to identify fiber with tangent space of base. Let us consider subset U of manifold 
where homeomorphism 

is defined. 

We assume that map between fibers is morphism of central D-affine space 

dv^r{v){dx) 

where bilinear map F is called _D-afRne connection. In the local basis we can 
represent connection as the set of bilinear functions T^j 

that we call _D-afRne connection coefficients. When we move from coordinate 
system x to coordinate system x' Z3-affinc connection coefficients transform accord- 
ing to rule 

Covariant derivative of vector field TJ has form 

Di^){<M) = di^){dx) ~ V{v){dx) 
A vector field v is being parallel transported in given direction if 

d{v){dx) = V{:v){dx) 

If x — x{t) is map of real field into considered space, then this map determines 
geodesic if tangent vector is being parallel transported along geodesic 

(9.1.1) d{dfx{dx)){dx) = T{dx){dx) 
Equation (9.1.1) is equivalent to equation 

(9.1.2) d^x{dx; dx) = T{dx){dx) 
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Ahhotali;m5I. Teopna: npe^CTaBJienHH 5^-ajire5pbi HBJiHeTCH ecTecTBenHMM pas- 
BHTHCM TeopHH 5^-ajire5pbi. HsyMCHHe mop4)H3mob npe^CTaBJienHH Be^eT k 
noHHTHiiM MHOyKecTBa o6pa3yioiii,Hx H 6a3Hca npe/i,CTaBjieHHH. B KHHre pac- 
CMOTpeHO noHHTHe 6amHH T*-npe;],CTaBJieHHH 3^i-ajire5p, i = 1, n, KaK 
MHOxcecTBO corjiacoBaHHbix T*-npe/i,CTaBJieHHH 5^j-ajire6p. 

PaccMaTpHBaeTCH reoMeTpHH a4)4)HHHoro npocxpaHCTBa KaK npniviep 6am- 
HH npe^CTaBjieHHH. HsyMCHHe KpHBOJiHHefiHbix KOOp^HHaT nosBOJineT noHHTb 

KaK BbirJIH^HT OCHOBHbie CTpyKTypbl B MH0r006pa3HH a4)<|)HHHOH CB5I3HOCTH. 

PaccMaTpHBaeTCH reoivieTpHH SBKJiii^OBa npocTpancTBa na^ tcjiom. 
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FjiaBa 1 

Hpe^HCJioBHe 

1.1. BaniHH npeflCTaBJieHHH 

OcHOBHaa saflana npefljiaracMoii KHHrn - sto paccMOTpeHne npocTeilniHx reo- 

MBTpHHeCKHX KOHCTpyKI^IIH Ha/I, TCJIOM. 

0;i,HaKO a peinHji ne orpaHUHUBaTi. siy KHHry onncaHiieM a4)4)HHHOH h sbkjih- 
^OBOii reoMeTpiiH. B npoD;ecce nocTpoeniiH acJx^iiHHOH reoMCTpiiH h oSnapyiKHBaio 
HHTepecHyio KOHCTpyKD;Hio. 51 cnepBa onpeflejiaio £'**-BeKTopHoe npocTpancTBO 
V. 3to TT^r-npeflCTaBjieHHe Tejia D b a;mHTHBHOfl: rpynne. SaTCM h paccMaTpHBaio 
MHOJKecTBO TOHCK, B KOTopoM onpeflejiCHO npeflCTaBjieniie £'**-BeKTopHoro npo- 
CTpaHCTBa V. 3Ta MHoroHpycHaa KOHCTpyKri,iia: npo6yflHjia Moii HHTcpec ii Bepnyjia 
MeHH K HsyHeHHio r*-npeflCTaBjieHHH 3^i-ajire6pi>i. 

TaKHM o6pa30M BOSHHKjia KOHii,enD;HH 6amHH T*-npeflCTaBjieHH{t. Kax tojibko 
H Haijaji piicoBaTb fliiarpaMMBi, CBssaHHBie c 6amHeii T*-npeflCTaBjieHHH, a yBH^eji 
y3op, noxojKiiii na ^HarpaMMbi, nocTpoenHBie b CTaTte [11]. Xoth Mne ne y^ajiocb 
;i,OBecTH 3Ty anajiorHio pp KOtma, h Hafleiocb, hto stb, anajiorHa Moacei npiiBecTH 
K HHTepecHbiM pesyjiBTaiaM. 

1.2. Mop4)H3M H 6a3HC npeflCTaBJieHHH 

HsyneHHe TCopHH npe/i,CTaBjieHHH 5'-ajire6pbi noKasbiBaeT, hto sia Teopiia hmc- 
eT MHoro o6inero c TeopHeii ^-ajLTe6pbi. B [7, 8, 9] a Hsy^aji mop4)H3mh npe/i,- 
CTaBjiCHHH. 3to OTo6pajKeHHa:, KOToptie coxpanaiOT cxpyKTypy npeflCTaBjiCHHa ^- 
ajire6piji (hjih 6ainHH npeflCTaBjiCHHii) . 

JlHHeiiHbie OTo6pajKeHHH BeKTopHbix npocTpancTB HBjiHiOTca npHMepaMH Mop- 
4)H3Ma npeflCTaBjieHHH. noHSTiie 6a3iica aBjiHCTca: Ba»:HOH KOHCTpyKi^iieii b tco- 
pnH jiHHeHHbix npocTpancTB. HoHHTHe 6a3iica Henocpe;i,CTBeHHO CBHsano c tcm, 
^Tio rpynna mop4)H3mob jiHHeiiHoro npocTpancTBa iiMeeT ^Ba 0flH0TpaH3HTHBHbix 
npeflCTaBjieHHs. OcHOBHaa 4)yHKii;iiH 6a3Hca - sto nopojKflaTb jiHHefiHoe npocTpan- 

CTBO. 

B03HHKaeT eCTeCTBeHHblH BOnpOC. MoJKHO JIH o6o6LLI,HTb 3Ty KOHCTpyKn,HIO Ha 

npoii3BOjibHoe npeflCTaBjiCHHe? Ba3HC - 3to ne eflUHCTBenHoe MHOJKecTBO, koto- 
poe nopojKflaeT BeKTopnoe npocTpancTBO. 3to yTBepjKflCHHe sBjiaeTCH hcxo^hoh 
TOHKOH, OT KOTopoii H HaHaji H3yHeHHe MHOJKCCTBa oGpaayiomHx npe^CTaBjieHHa. 
MnojKecTBO o6pa3yiomHx npe/;cTaBjieHHH - 3to eme Oflna HHTepecHaa napajijiejib 
TeopiiH npeflCTaBjienHH c Teopneii yHHBepcajibHoii ajire6pbi. 

He fljisi BCHKoro npeflCTaBjiCHHH B03MO}KHOCTb HaiiTH MHOJKecTBO o6pa3yioiLi;Hx 
paBHOCHjibHa B03M0JKH0CTH nocTpoeHHs 6a3Hca. Saflana naiiTH Kjiacc npeflCTaBjie- 
Hiiii, r^e bo3mo}kho nocTpoenne 6a3Hca HBjiaeTCH HHTepecHofi ii BajKHOii 3aflaHeH. 
Mne HHTepecHO, mojkho jih HafiTu 34)4)eKTiiBHbiii ajiropnTM nocTpoennH 6a3Hca 
KBaHTOBOit reoMeTpHH. 
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1. IlpCflHCJIOBHe 



1.3. D-aeJxJjHHHoe npocTpancTBO 

TaK jKe KRK H B cjiy^ae D-BCKTopHbix npocTpancTB, h Mory na^iaTb c pac- 
CMOTpeHHH D**-a4)4)HHHoro npocTpancTBa h aaiCM nepeiiTH k paccMOTpcHiiio D- 
acjDcfjHHHbix npocTpancTB. OflnaKO na stom nyxn s He ojKHflaio hobbix HBjieHHit. 
TaK KaK MCHs HHTepecyiOT onepaii,iiH, CBasantie c flneJjcJjepeHi^HpoBaHHeM, h cpasy 
HaniHaio c paccMOTpeHHH D-acJxJjHHHoro npocTpancTBa. 

C Toro MOMBHTa, KaK H noHHji, HTO acjscjDHHHoe npocTpancTBO HBjiaeTCH 6am- 
Heii npeflCTaBjiCHHii, a jiHHefiHbie OTo6pa}KeHHH acjDcJjiiHHbix npocTpancTB sbjisiotch 
Mop4)H3MaMH 6amHH npeflCTaBjiCHHii, a noHHji KaK 6yfleT BbirjiH^eTb cbhshoctb b 
MHoroo6pa3HH £)-a4)4)iiHHOH CBS3HOCTH. TeM He Menee, npejK^e ^eM HsynaTb mho- 
roo6pa3He acJxJjiiHHOii cbh3hocth, h peniHji HCCJie/i,OBaTb KpHBOJiHReitHbie KOop^H- 

HaTbl B acJjcjDIIHHOM HpOCTpaHCTBe. 

XoTH H xopomo npe^CTaBjiHji, hto flOjiJKHO npoiicxoflHTb npH saMene KOop^H- 
HaT, yBH^eHHoe npeB30injio moh ojKH^aHHH. 51 BCTpeTHji ^bc OHeHb Ba»cHbie koh- 
n,enn,HH. 

51 Ha^iaji c nocTpoeHHH acjMjjHHHoro npocTpancTBa KaK 6amHH iipe;i,CTaBjieHHH. 
OKasajiocb, hto cymecTByei eme Oflna MOflejib, b KOTopoii BeKTopHbie nojiH npe/i,- 
CTaBjieHbi B BHfle MHOJKecTBa OTo6pa}KeHHH.^'^ TeM ne Menee sth flBe MO^ejiH ne 
npoTHBope^^aT flpyr flpyry, a CKopee flonojinaroT flpyr ;];pyra. 

Biopoe Ha6jiro/i,eHiie ^jih Mens ne OKa3ajiocb HeojKHflaHHOCTbro. Kor^a h nanaji 
H3yHaTb _D-BeKTopHbie npocTpancTBa, a 6biji totob paccMOTpeTb jiHHefiHyio kom- 
6HHaD;Hio BeKTopoB KaK nojiHjiHHefiHyio 4)opMy, oflnaKO h OHenb 6biCTpo npnineji k 
BbiBo;i,y, HTO 3TO He H3MeHHT pa3MepH0CTH npocTpancTBa, H noTOMy orpaHHHHjica 
paccMOTpeHHeM _D**-6a3iica. 

HHTepecHO Ha6jiK)flaTi>, KaK b npori,ecce co3flaHHH khhfh noHBjiaeTca HOBaa 
KOHi];eHii,Hs. nocTpoeHHH, BBinojiHeHHbie B rjiaBe 8 CHOBa Bepnyjin Mens k jiHHeii- 
HOH KOM6HHan,HH KaK cyMMe jiHHeiiHbix (JaopM. OflnaKO na stot pa3 pent iiflei o 

JIHHeilHOH 3aBHCHM0CTH l-C^DOpM. ITpH 3T0M KOScJjcjDHIIHeHTbl JIHHeHHOH 3aBHCIIM0- 

CTH HaxoflSTca He Bne l-4)opMbi. a BHyTpii. Ecjih mbi paccMaTpHBaeM l-eJjopMbi na/i, 
nojieM, TO l-4)opMa npo3pa^Ha ^jih CKajispoB nojia ii ^jih nac ne iiMeeT 3HaHeHHe 

HaXO;i^TCH JIH K034)4)Hn,HeHTbI BHe 4)OpMbI HJIH BHyTpH. 

JlHHeiiHaa 3aBiiCHMOCTb ne HBjiaeTCH TeMOii stoh KHnrii. 51 paccMOTpro stot bo- 
npoc B nocjieflymmiix pa6oTax. B STOii KHure s 6yfly nojib30BaTbCH sthm nonsTneM, 
nojiaraa, hto ero CBOiiCTBa noHSTHBi h3 npHBOfliiMtix paBencTB. 

H3yHeHHe KpHBOjiHHeiiHbix KOopflnnaT TaKJKe no3BOjiHjio yBn;i,eTb KaK npeo6- 

pa3yK)TCH KOOpflllHaTbl D-a4)(|)IIHH0H CBH3H0CTH npH 3aMeHe KOOpflHHaT. OflHaKO, 

TO HTO MHe y^ajiocb 3aniicaTb hbhbui 3aKOH npeo6pa30BaHHH, na moh B3rjiHfl y^ana, 
CBa:3aHHaa: c TeM, hto cbhshoctb HMeeT tojibko ofliiH KOHTpaBapiiaHTHbiii HHfleKC. Y 
MeHH ecTb Bce ocHOBanHa nojiaraTb, hto TaKaa onepau;HH, KaK no^HSTHe hjih onyc- 
KaHHe HHfleKca TeH3opa b pHManoBOM npocTpancTBe MOJKei HMeib tojibko HeHBHyro 
4)opMy sanHCH. 

MnorHe ro/ibi fljia Mens aeJjcJjHHHaa reoMeTpna 6bijia chmbojiom caMoft npocToit 
reoMBTpHH. 51 pafl yBH;];eTb, hto a omH6ajiCH. B HyjKHyro MHHyTy a4)4)HHHaH reo- 
MBTpHH 0Ka3ajiacb hctohhhkom BfloxHOBeHHH. A4)4)iiHHaH reoMeTpHs - 3TO BpaTa 
;i,H4)(J)epeHLi,HajibHofl reoMeTpHH. H xoth, fljia Toro, HTo6bi norpysHTbCH b ^nejjcjje- 
peHn,HajibHyio reoMeTpHio, h flOjiJKen xopomo ocboiitbch c flH4)(J)epeHD,HajibHbiMii 



■ HoKa HCHCHO, npHBe^CT jih Mensi 3Ta MO^ejib k reoMCTpHu, KOTopyio Hsy^aeT Ajtch Kohh b 
[14]. OTBeT Ha 3TOT Bonpoc Tpe6yeT ^ajiBHefimero HCCjie^OBaHHs. 



1.4. CorjiameHHa 



7 



ypaBHCHUHMH, H saBepmaio KHiiry oient KopoTKiiM SKCKypcoM b MHorooGpasiia 

a4)(|)HHH0H CBHSHOCTH, flJIH TOrO, HT06ljI HOHyCTBOBaTB BKyC HOBOH rCOMeTpHH. 

1.4. CorjiameHHH 

(1) OyHKn,Ha h OTo6pajKeHHe - ciihohiimbi. OflnaKO cymecTByeT Tpa;i,iiii;iiH 

COOTBeTCTBHe MejK^ KOJIBIl,aMH HJIH BCKTOpHblMH HpOCTpaHCTBaMH Ha- 

sbiBaTb OToSpajKeHHCM, a OTo6pa}KeHHe nojiH fleHCTBHTejibHbix hhccji hjih 
ajireSpbi KBaTepHHOHOB nasbiBaTb (JiyHKi^Heii. 51 Tosce cjie^yio stoh Tpa- 

(2) Tejio D MOJKHO paccMaTpHBaTb Kax D-BeKTopnoe npocTpancTBO pasMcp- 

HOCTH 1. CoOTBeTCTBeHHO 3T0My, MM MOJKeM HSy^aTb He TOJIbKO rOMO- 

MopcJjHSM Tejia Di b tcjio D2, ho h jiHHefiHoe OToGpasKenHe tbji. IIpH 
3T0M HO/ipaayMeBaeTCH, ^to OTo6pa»ceHHe MyjibTHnjiHKaTHBHO na;; MaK- 

CHMajIbHO BOSMOJKHbIM HOJIBM. B HaCTHOCTH, JIKHCHHOe OToGpajKeHHC TCJia 

D MyjibTHHjiHKaTHBHO Ha/i, D;eHTpoM Z{D). 3to He npoTHBope^^HT OHpe^e- 
jieHHK) jiHHeiiHoro OTo6paiKeHHH hojih, Tax KaK fljia hojih F CHpaBCfljiKBO 
Z(F) = F. EcjiH HOJie F otjihhho ot MaKCHMajibHO BOSMOJKHoro, to h sto 

HBHO yKaSblBaiO B TCKCTe. 

(3) HecMOTpH Ha HeKOMMyiaTHBHOCTb HpoHSBeflCHHH MHorne yTBepjKfleHHH 
coxpaHHHDTCH, BCJiH saMeHHTb HaHpHMBp HpaBoe npeflCTaBjieHHe na jiesoe 
HpeflCTaBjieHHC hjih npaBoe BeKTopnoe npocTpancTBO na jieBoe BeKTop- 
Hoe npocTpancTBO. HTo6bi coxpannTb 3Ty chmmctphio b 4)opMyjiHpoBKax 
TeopeM H HOJibsyiocb CHMMeTpHHHbiMH o6o3HaHeHHaMH. HanpHMep, h pac- 
CMaTpHBaio Z?7kr-BeKTopHoe npocTpancTBO h ★ZJ-BCKTopHoe npocTpancTBO. 

3aHHCb Z^T^r-BeKTOpHOe HpOCTpanCTBO MOJKHO HpOHCCTb KaK D-star-BCK- 

TopHoe npocTpancTBO jih6o KaK jieBoe BCKTopnoe npocTpancTBO. Sanncb 

Z?*-JIHHeHHO SaBIICHMbie BCKTOpbl MOJKHO npOHCCTb KaK D-star-jiHHeiiHO 
SaBHCHMbie BCKTOpbl JIh6o KaK BCKTOpbl, JIHHefiHO SaBHCHMbie cjieBa. 

(4) Mbi GyflCM paccMaTpHBaTb ajire6py A, KOTopaa: aBjiHCTca kohchho Mep- 

HblM BCKTOpHblM HpOCTpaHCTBOM Hafl LI,eHTpOM. IlpH paSJIOJKCHHH SJIC- 

MeHTa ajire6pbi A OTHOCHTCJibHO Gasiica e mm nojibsyeMca o^Hoii h toh 
»ce KopneBOH GyKBOfi pjia oGosHaneHHa SToro sjieMeHTa h ero KOop;i,iiHaT. 
OflHaKO B ajire6pe ne npHHHTO HcnojibsOBaib BCKTopHbie o6o3HaHeHHfl. 
B BbipaiKeHiiH ne hcho - sto KOMnoHCHTa pa3jio»:eHiiH sjieMenTa a 

OTHOCHTCJibHO 6a3HCa HJIH 3T0 OnCpan,HH B03BCflCHHH B CTCHCHb. fljIH o6- 
JICrHCHHH HTCHHH TCKCTa MM 6yfleM HHflCKC SJICMCHTa ajircSpbl BMflCJIHTb 

D^BCTOM. HanpHMcp, 

a = a^Ci 

(5) Hpil paCCMOTpCHHH KOHCHHOMCpHOH aj[rc6pbl MM 6yflCM OTOJKflCCTBJiaTb 

BCKTop 6a3Hca Co c e/i,HHHH,CH ajirc6pbi. 

(6) TaK KaK hhcjio S'-ajircGp b 6aniHC npcflCTaBjiCHHH HcpcMCHHO, to mm 6y- 

;i,eM H0JIb30BaTbCH BCKTOpHblMH oGoSHaHCHIUIMH flJIS 6aniHH HpCflCTaBJIC- 

HHH. Mhojkcctbo (Ai,...,A„) S^i-ajirc6p Ai^ i — 1, n mm 6yfleM 060- 
3HaHaTb A. Mhojkcctbo npcflCTaBjiCHHii (/i,2, fn-i.n) 3THX ajirc6p mm 
6yfleM o6o3HaHaTb /. TaK KaK pasHbie ajire6pbi hmbiot pa3HbiH thh, mm 

TaKJKC 6yflCM rOBOpHTb O MHOJKCCTBC 5^-ajirc6p. IIo OTHOmCHHIO K MHO- 
JKCCTBy A Mbl TaKJKC 6yflCM nOJ[b30BaTbCH MaTpHHHMMH 0603HaHCHHH- 
MH, npCflJIOJKCHHMMH B pa3flCJIC [7]-2.1. HanpHMCp, CHMBOJIOM Mbl 



1. IlpCflHCJIOBHe 



6y^eM o6o3HaHaTb MHOJKecTBO 5J-ajire6p (A2, A„). B cooTBeTCTsyio- 
meM o6o3HaHeHHH (j4[i], /) 6amHii npeflCTaBjieHiiit noflpasyMCBaeTCH, hto 

/ = (/2.3J fn-l,n)- 

TaK KaK Mbi nojibsyeMCH eeKTopHbiMH o6o3HaHeHHHMH jijisi ajiCMeHTOB 
6amHH npeflCTaBjieHHH, neoGxoflHMO corjiameHne o sanacH onepan,HH. Ilpefl- 
nojiaraeTCH, ^to onepai^iin BbinojinaiOTCa noKOMnoHCHTHO. HanpiiMep, 

r{a) = (ri(ai), ...,r„(a„)) 

Bes coMHeHHH, y HUTaTejiH mohx CTaTeii Moryi 6biTb Bonpocbi, saMei^aHHH, 
BoapajKeHHH. 51 6ypy npHSHaTejien jiio6oMy OTSBiBy. 



FjiaBa 2 



IIpe^cTaBJieHHe ^-ajire6pi>i 

2.1. IIpeflCTaBJieHHe 5J-ajire6pbi 

Onpe/i,ejieHHe 2.1.1. IlycTb na MHOJKecTBe M onpeflejiena CTpyxTypa io-ajire6piji 
([2. 12]). Mbi 6yfleM HasbiBaTi. roMOMopcjDiOM i^-ajire6pbi 

t: M ^ M 

npeo6pa30BaHHeM Jo-ajire6pBi M.^'^ □ 

Mbi 6yfleM o6o3HaHaTij S TO>KflecTBeHHoe npeo6pa30BaHHe. 

Onpe/i;ejieHHe 2.1.2. npeo6pa30BaHHe nasbiBaeTCH jieBOCTopoHHHM npeo6pa- 
30BaHHeM HjiH T*-npeo6pa30BaHHeM, ecjiH oho fleiicTByeT cjieBa 

u' ~ tu 

Mbi 6y^eM o6o3HaHaTb * AI MHOJKecTBO r*-npeo6pa30BaHHH MHOJKecTBa M . □ 

Onpe/i;ejieHHe 2.1.3. IlpeoGpasoBaHHe Ha3BiBaeTCH npaBOCTopoHHHM npeo6- 
pasoBaHHeM hjih ★T-npeo6pa30BaHHeM, ecjiH oho ^eiicTByeT cnpaBa 

u = ut 

Mbi 6y;i,eM o6o3HaHaTi> M* MHOJKecTBO ★r-npeo6pa30BaHHH MHOJKecTBa M . □ 

Onpe/];ejieHHe 2.1.4. IlycTb na MHOscecTse *M onpeflejiena CTpyKiypa 5^-ajire6- 
pbi ([2]). IlycTb A HBjiaeTCH 3^-ajire6poii. Mbi 6y/i,eM nasBiBaTB roMOMop4)H3M 

(2.1.1) J:A^*M 

jieBOCTopoHHHM HJIH r*-npe/i,CTaBJieHHeM iJ-ajireGpbi A b jo-ajire6pe M □ 

Onpe/i,ejieHHe 2.1.5. IlycTb na MHOHcecTse M* onpeflejiena cipyKiypa 3^-ajire6- 
pBi ([2]). IlycTb A HBjiaeTCH 5^-ajire6pofl. Mbi 6yfleM nasbiBaTb roMOMop4)H3M 

f:A^ M* 

npaBOCTopoHHHM HJIH *T-npe^cTaBJieHHeM 5-ajire6pbi A b io-ajire6pe M 

□ 

Mbi pacnpocTpaHHM na Teopnio npeflCTaBjienHH corjianieHne, OHHcanHoe b 3a- 
MenaHHH [7]-2.2.14. Mbi MOiKeM 3aHHcaTb wpmnxan /i,BOHCTBeHHOCTH b cjie/iyiomeH 
4)opMe 

TeopeMa 2.1.6 (npHHii,HH flBOHCTBeHHOCTn). JlmSoe ymeepotcdeHue, cnpaeedAueoe 
dnsi T-k-npedcmaeAeHUM ^-ameBpu A, 6ydem cnpaeedAueo Saji -kT -npedcmaeAeHusi 
^-aAze6pu A. 

^■"'^Ecjiii MHOjKecTBO onepaLi,nH io-ajire6pbi nycTO, to t sBjiaeTca OTo6pa>KeHHeM. 
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2. ripcflCTaBjicHHC 5-aJirc6pBi 



SaMeHaHHe 2.1.7. CymecTsyeT flse (JjopMbi saraicii npeo6pa30BaHHs i^-ajire6piji 
M . EcjiH MBi nojibsyeMca onepaTopnoii sanHCbio, to npeo6pa30BaHHe A saniicbiBa- 
CTCH B BHfle Aa HjiH aA, hto cooTBeTCTByeT r*-npeo6pa30BaHHio hjih ★r-npeo6pa- 
soBaHHK). EcjiH Mbi nojibsycMCH 4)yHKn,HOHajibHOH saniicbio, to npeoSpasoBaniie A 
sanHCbiBaeTCH b bh^c A{a) nesaBHCHMO ot Toro, sto T*-npeo6pa30BaHHe hjih ★T- 
npeo6pa30BaHHe. 3Ta saniicb corjiacoBana c npHHLi,HnoM ;i,BOHCTBeHHOCTii. 

3to aaMenaHHe HBjiaeTCH ochoboii cjieflyiomero corjiainenHa:. Kor^a mm nojib- 
3yeMCH 4)yHKLi,HOHajibHOH aanHCbio, mm hc pasjiH^aeM r*-npeo6pa30BaHHe h ★T- 
npeo6pa30BaHHe. Mm 6yfleM o6o3HaHaTb *M MHOJKecTBO npeo6pa30BaHHH io-aji- 
re6pbi M . IlycTb na MHOJKecTBe * M onpeflejiena CTpyKTypa iJ-ajire6pbi. IlycTb A 
HBjiaeTCH 5^-ajire6poH. Mm 6yfleM Ha3biBaTb roMOMop4)H3M 

(2.1.2) f:A^*M 

npe/j;cTaBJieHHeM 5J-ajire6pBi A b 55-aJire6pe M. 

CooTBeTCTBHe MCJKfly onepaTopHoii 3anHCbio h 4)yHKLi;H0HajibH0H 3anHCbio o;;- 
H03HaHHO. Mm MOJKeM BM6HpaTb jiio6yK) (J)opMy sanncH, KOTopaa yfloGna ^jih hs- 

JIOJKeHHH KOHKpeTHOii TeMM. □ 



flnarpaMMa 



M -V 



f 



A 

03HaTiaeT, hto mm paccMaTpHsaeM npeflCTaBjiCHHe 5^-ajire6pbi A. 0To6pa>KeHHe 
/(a) HBjiHeTCH o6pa30M a G A. 

Onpe/i;ejieHHe 2.1.8. Mm 6yfleM Ha3biBaTb npeflCTaBjienne 3^-ajire6pbi A scJjcJjeK- 
THBHBiM, ecjiH OTo6pa}KeHHe (2.1.2) - H30Mop4)H3M g^-ajire6pbi A b *M. □ 

SaMenaHHe 2.1.9. Ecjih T*-npeflCTaBjieHHe 5-aJire6pM scJxIjeKTHBHO, mm mojkcm 
OTO>K^ecTBjiaTb ajieMBHT 5^-ajire6pbi c ero o6pa30M h 3anHCbiBaTb r*-npeo6pa30- 
Banne, nopojK/i,eHHoe ajieMeHTOM a £ A, b (JjopMe 

v' = av 

Ecjih ★T-npeflCTaBjiCHHe 5^-aj[re6pM 3(J)4)eKTiiBHO, mm mojkcm OTOJKflecTBjiHTb sjie- 
MeHT 5^-ajire6pbi c ero o6pa30M ii 3anHCMBaTb *r-npeo6pa30BaHiie, nopojKflCHHoe 
ajieMCHTOM a G ^, B (JsopMe 

v' = va 

□ 

Onpe/i,ejieHHe 2.1.10. Mm 6yfleM Ha3MBaTb npe^CTaBjieHiie 5^-aj[re6pM TpansH- 
THBHBiM, ecjiH ^jiH jiio6bix a,b gV cymecTByeT Taxoe g, hto 

a = /(5)(6) 

Mm 6y;i,eM Ha3MBaTb npeflCTaBjieHne g'-ajire6pbi o;],HOTpaH3HTHBHBiM, ecjiii oho 

TpaH3HTHBHO H SC^cJjeKTIIBHO. □ 

TeopeMa 2.1.11. T-k-npedcmaeMenue odHompaHsumueHO mozda u moAtKO mozda, 
Kozda dAfi Am6ux a,b € M cym,ecmeyem odno u moAtKO odno g (z A maKoe, nmo 

^OKASATEJibCTBO. CjieflCTBHe OHpcflejieHHH 2.1.8 H 2.1.10. □ 



2.2. Mop43H3M npcflCTaBjicHHH ^j-ajirc5pE.i 
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2.2. Mop4)H3M npeflCTaBJieHHH 5^-ajire6pi>i 
TeopeMa 2.2.1. Uycmb A u B - ^-aAseSpu. UpedcmaeAeHue ^-aA3e6pu B 

g:B^*M 

u 80MOMopcf}U3M ^-aAze6pu 
(2.2.1) h:A^B 
onpedcAsimm npedcmaeACHue f ^-aAze6pu A 

} 




^OKASATEJTbCTBO. OToSpajKCHHe / HBjiHeTCH roMOMop4)H3MOM ij-ajire6pi>i A 
B 3^-ajire6py *M, trk kek OTo6pajKeHHe g HEjiaeTCH roMOMopcJjHSMOM 5J-ajire6piji 
B B g'-ajire6py * M . □ 

EcjiH Mbi HsynaeM npe/i,CTaBjieHHe 3^-ajire6pi>i b i5-ajire6pax M h A'^, to nac 
HHTepecyiOT OTo6pa>KeHHa h3 M b A'^, coxpaHHiomHe CTpyxTypy npe^CTaBjienHH. 

Onpe/i;ejieHHe 2.2.2. IlycTb 

f : A^*M 

npeflCTaBjieHHe 5^-ajire6pi>i A b jo-ajire6pe AI ii 

g:B'^*N 

npeflCTaBjiCHHe 5^-ajire6pi>i B b i3-ajire6pe N . Ilapa OTo6pa>KeHHH 

(2.2.2) {r : A^ B,R: M ^ N) 

TaKHX, T^TO 

• r - roMOMop4)H3M 5^-ajire6pbi 

• R - roMOMop4)ii3M jo-ajire6pbi 
• 

(2.2.3) Rof{a)^g{ria))oR 

Ha3biBaeTca mop4)H3mom npeflCTaBJieHHH vi3 f b g. Mbi TaKJKC 6yfleM roBopHTb, 
HTO onpeflejiCH Mop4)H3M npe/i;cTaBJieHHH 5^-ajire6pbi b Sj-a.jiTe6pe. □ 

npoii3BOjibHoro m G M paBCHCTBO (2.2.3) HMeei bh/i, 

(2.2.4) R{f{a){m)) ^ g{r(a})iR{m)) 

SaMenaHHe 2.2.3. Mbi mojkcm paccMaTpiiBaTB napy OTo6pajKeHHii r, R Kax oto6- 
paiKCHHe 

F : AUM ^ BUN 

TaKoe, HTO 

F{A) ^ B F{M) = N 
IIosTOMy B ^ajiBHeiiineM mbi 6y/],eM roBopHTb, hto flano OToGpajKCHHe (r, i?). □ 
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2. IlpcflCTaBjicHHC 5-aJirc6pBi 



SaMenaHHe 2.2.4. PaccMOTpiiM mop4)H3m npeflCTaBjienHii (2.2.2). Mm MOsceM 
o6o3HaT^aTb sjieMCHTbi MHOJKecTBa _B, nojibsyHCb 6yKB0H no o6pa3n,y b £ B. Ho 
ecjiH MM xoTiiM noKasaTb, hto b HBjiaeTCH o6pa30M sjieMeHia a £ A, mm 6y;i,eM 
nojib30BaTbCH o6o3HaHeHHeM r(a). TaxHM o5pa30M, paseHCTBO 



03HaT^aeT, hto r(a) (b jieBofi nacTH paBencTBa) sBjiaeTca o6pa30M a G ^ (b npaBofi 
nacTH paBCHCTBa). IIojibayHCij nofloGHtiMii coo6pajKeHHaMii, mbi 6y;i,eM o6o3HaiaTij 
ajiCMCHT MHOJKecTBa TV B BHfle i?(m). Mb: 6yfleM cneflflBaib STOMy corjiameHHio, 
H3yHaH cooTHonieHHH MejK/i,y roMOMop4)H3MaMH ij-ajire6p ii OTo6pajKeHHHMH Mexc- 
fiy MHOJKecTBaMH, rfle onpe/i,ejieHbi cooTBCTCTByiomHe npe^CTaBjieHHa. 
Mbi MO>KeM HHTepnpcTHpoBaTb (2.2.4) ;i,ByMH cnocoSaMH 

• IlycTb npeo6pa30BaHHe /(a) OTo6pa>KaeT m £ M b f(a){m). Tor;i,a npe- 
o6pa30BaHHe g{r{a)) OTo6pa»caeT R{m) G N b i?(/(a)(m)). 

• Mm MOJKeM npeflCTaBHTb mop4)H3m npeflCTaBjienHft h3 / b g, nojibsyacb 
flnarpaMMOH 



r{a) = r{a) 



M 



R 



N 




r 



A 



B 



H3 (2.2.3) cjie/iyeT, hto ^HarpaMMa (1) KOMMyTaTUBna. 



□ 




h : A 



B 



H : M 



N 



npedcmaeneHuu U3 f e g ydoeAcmeopsiem coomHomeHum 




^OKASATEJIbCTBO. TaK KaK / - rOMOMOp43H3M, MM HMeCM 

(2.2.6) H o cj(/(ai), /(a„)) = H o /(cj(ai, a„)) 

H3 (2.2.3) H (2.2.6) cjie^yeT 



(2.2.7) H o w(/(ai), /(a„)) = giH^i^i, a„))) o H 



2.2. Mop43H3M npc^cTaBjicHHH ^j-ajirc5pE.i 
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TaK KaK h - tomomopcJjhsm, h3 (2.2.7) cjie^yeT 

(2.2.8) H o c^(/(ai), /(a„)) ^ g{uj{h{ai), /i(a„))) o H 

TaK KaK g - roMOMopcjDHSM, h3 (2.2.8) cjieflycT (2.2.5). □ 
TeopeMa 2.2.6. Uycmt omo6pacHceHue 

h : A B H : M N 

MBMJiemcM Mopcjju,3MOM U3 upedcmaeMeHUM 

f ■.A^*M 

^-aABe6pu A e npedcmaeAeHue 

g:B^*N 

^-aA8e6pu B. Ecau npedcmaeAeHue f 9(f>(f>eKmu6H0, mo omoBpaMcenue 

*H : *M *N 

onpedeACHHoe paeencmeoM 

(2.2.9) *Hifia)) = g{h{a)) 
MBAJiemcM goMOMop(f>u3MOM ^-aAge6pu. 

^OKASATEJTbCTBO. TaK KaK npcflCTaBjieHiie / seJjcjDeKTHBHO, to fljis Biji6paH- 
Horo npeo6pa30BaHHH /(a) Bbi6op sjieMCHTa a onpeflejien oflHOsnaHHO. CjieflOBa- 
TejibHO, npeo6pa30BaHiie g{h{a)) b paBencTBe (2.2.9) onpeflejieno KoppeKTHO. 

TaK KaK / - rOMOMOp4)H3M, MH HMeeM 

(2.2.10) *i/(L.(/(ai),...,/(a„))) =*i/(/(L.(ai,...,a„))) 
H3 (2.2.9) H (2.2.10) cjieflyeT 

(2.2.11) *i/(^(/(ai), /(a„))) = 5(M^^(«i, ««))) 
TaK KaK h - roMOMopcJjiOM. h3 (2.2.11) cjie^yeT 

(2.2.12) *iJ(w(/(ai), /(a„))) = .g(c^(/i(ai), M""))) 
TaK KaK g - roMOMop4)ii3M, 

*F(u;(/(ai), /(a„))) = u;ig{h{ai)), g(/i(a„))) - u;{* H{f{a,)), *i?(/(a„))) 

cjieflyeT h3 (2.2.12). Cjie;i,OBaTejibHO, OToGpajKerae *H HBjiaeTCH roMOMop4)ii3MOM 
5'-ajire6pi>i. □ 

TeopeMa 2.2.7. Ecau npedcmaeAcnue 

f ■.A^*M 

^-aAze6pu A odnompaHsumueHO u npedcmaeAcnue 

g:B^*N 

^-aAseSpu B odnompanaumueHO, mo cyui,ecmeyem MopcfiusM 

h : A ^ B H : M ^ N 

npedcm,a6AeHuu ua f eg. 
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2. ripeflCTaBjicHHC 5-aJirc6pBi 



^OKASATEJibCTBO. BBi6epeM roMOMop4)H3M h. Bbi6epeM sjieMCHT m ^ M 
H sjieMeHT n £ N. MTo6bi nocTpoHTb OTo6pa}KeHHe H, paccMOipHM cjieflyiomyio 
;i,iiarpaMMy 

H 




H3 KOMMyTaTiiBHOCTH ;],HarpaMMbi (1) cjie^yeT 

iJ(am) = h{a)H{m) 

Jljiii npoHSBOjibHoro m! G M o^HOSHa^HO onpeflejien a £ A TaKoii, hto m' ~ am. 
CjieflOBaTejibHO, mbi nocTpoHjiH OTo6pa}KeHHH i7, KOTopoe yflOBjieTBopaeT paBen- 
CTBy (2.2.3). □ 

TeopeMa 2.2.8. Ecau npedcmaeAenue 

f ■.A^*M 

^-aA8e6pu A odHompaHaumueHO u npedcmaeAenue 

g:B^*N 

^-aA8e6pu B odHompaHaumueHO, mo Saji aadauHozo Z0M0M0p(fiu3Ma ^-aAge6pu 

h -.A 

omo6paafceHue 

H : M ^ N 

maKoe, umo (/i, H) jieAMemcji Mop(f>u3MOM npedcmaeACHUu U3 f e g, eduHcmeeuHO 
c moHHOcmmo do eu6opa o6pa3a n = H{m) G sadauHozo DACMenma m G M . 

flOKASATEJibCTBO. Hs /lOKasaTCJibCTBa TeopeMBi 2.2.7 cjie^yeT, hto Bbi6op 
roMOMopcj3H3Ma h 11 sjieMeHTOB m £ M , n £ N o;i,H03HaHHO onpeflejiaeT OTo6pa}Ke- 
HHe H. □ 



TeopeMa 2.2.9. Ecau npedcmaeAenue 



*M 



^-aA8e6pu A odHompaH3umu6HO, mo Saji ak>6o20 3HdoMop(^u3Ma ^-aAge6pu A cy- 
m,ecmeyem 3HdoMop(fju3M 



p : A- 



A 



P -.M- 



M 



npedcmaeACHUM f . 



2.2. Mop43H3M npc^cTaBjicHHH ^j-ajirc5pE.i 
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^OKASATEJibCTBO. PaccMOTpiiM cjieflyiomyio flHarpaMMy 



A I ^ M 

a p{0:) 




yTBepjKflCHHe TeOpCMbl HEJIHCTCH CJieflCTBHCM TCOpeMbl 2.2.7. □ 

TeopeMa 2.2.10. Uycmt, 

f ■.A-^*M 

npedcmaeAenue '^-ameBpu A, 

g:B^*N 

npedcmaeAenue ^-aAze6pu B, 

h:C^*L 

npedcmaeAenue ^-aAze6pu C . Uycmb onpedcAenu Mop(fju3MU npedcmaeAenuu ^- 
QAzeGpu 

P ■■ A ^ B P : AI ^ N 

q:B *-C Q:N >- L 

Tozda onpedcAen Mop<fiu3M npedcmaeAeHuu ^-aAze6pu 

r : A ^ C R:AI ^ L 

zde r ~ qp, R = QP . Mu 6ydeM naaueamt MopcpusM (r, R) npedcmaeAenuu U3 f e 
h npoH3Be/];eHHeM mop<J)H3mob {p,P) h {q,Q) npeflCTaBJienHH 5-ajire6pbi. 

^OKASATEJTbCTBO. Mbi MO>KeM npeflCTaBHTb yTBepjKfleHHe TeopeMbi, nojit- 
syacb ^iiarpaMMOH 




L 
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2. IlpcflCTaBjicHHC 5-aJirc6pBi 



OTo6pa}KeHHe r aBjiaeTCH roMOMopcjansMOM 5-ajire6pi>i A b 3^-ajire6py C . HaM Ha/i,o 
noKaaaTb, hto napa OToGpajKenHii {r, R) y^OBjieTBopHeT (2.2.3): 

R{fia)m) = QP{f{a)m) 

= Q{g{p{a))P{m)) 

= h{qp{a))QP{m)) 

= h{r{a))R{m) 

□ 

Onpe/i;ejieHHe 2.2.11. flonycTiiM A KaTeropHH 3'-ajire6p. Mb: onpe^ejiHM Kaie- 
ropHK) T -k A T*-npe;];cTaBJieHHH ^J-ajire6pbi h3 KaieropHH A. OGteKTaMii 
3TOH KaTcropiiH HBjiaiOTCs T*-npeflCTaBjieHHHMH 5^-ajire6pBi. Mop4)H3MaMH stoh 
KaTeropHH HBjiaiOTca: mop4)H3mbi T*-npeflCTaBjieHHH 5^-ajire6pBi. □ 

TeopeMa 2.2.12. SndoMopcpusMU npedcmaeAeHun f nopocHcdamm noAyzpynny. 

^OKASATEJibCTBO. Hs TeopcMBi 2.2.10 cjicflyeT, hto npoiiSBeflCHHe SHflOMop- 
4)H3MOB (j),P), {r,R) npeflCTaBjiemiH / HBjiaeTCH 3HflOMop4)H3MOM {pr,PR) npe/i,- 

CTaBJieHHH /. □ 

Onpe/i;ejieHHe 2.2.13. IlycTB na MHO>KecTBe M onpeflejiena SKBHBajieHTHOCTB S. 
npeo6pa30BaHHe / Ha3BiBaeTCH corjiacoBaHHbiM c SKBHBajieHTHOCTbio S, ecjiH 
H3 ycjiOBHH nil = m2{modS) cjieflyei f{mi) = f{m2){modS). □ 

TeopeMa 2.2.14. Ilycmb im MHOstcecmee M onpedeAena DKeueaAeHmHocmt) S. 
nycmb Ha MHOJtcecmee *M onpedeAena ^-aAze6pa. Ecau npeoSpaaoeanuM cozAa- 
coeannu c SKeueaAeHmnocmtm S, mo mu momccm onpedeAumh cmpyKmypy ^- 
aAze6pu na Mnootcecmee *{M/S). 

^OKASATEJlbCTBO. IlycTb h = nat S. EcjiH nii = TO2(niodS'), to h{nii) = 
h(m2). IlocKOjiBKy / G *M corjiacoBaHHO c SKBHBajieHTHOCTBK) S, TO h{f{mi)) = 
/i(/(to2)). 3to no3BOJia:eT onpeflejiiiTB npeo6pa30BaHHe F corjiacHO npaBHjiy 

F(H) = Hfim)) 

IlycTB uj - n-apnaa onepan,Hs ^5-ajire6pBi. HycTB /i, .... /„ G *M h 

Fi([m]) = /»(/iM) - F„(H) = /i(/n(m)) 

Mb: onpeflejiiiM onepan,iiio na MHOJKecTBe *{M/S) no npaBHjiy 

uj{Fi, ...,Fn)[m] = h{u{fi, fn)m) 

3to onpeflejieHHe KoppcKTHO, TaK xax uj(fi, fn) (z * M n corjiacoBanHO c skbh- 

BajieHTHOCTBIO S. □ 



f -.A^ *M 



TeopeMa 2.2.15. Ilycmh 
npedcmaeAenue ^-aAze6pu A, 

g:B^*N 
npedcmaeAenue ^-aAze6pu B. Uycmb 

r : A ^ B R : M ^ N 

M0p(fiu3M npedcmaeAenuu U3 f eg. Uoaoohzum 

s = rr-i S = RR- 



2.2. Mop43H3M npcflCTaBjicHHH ^j-ajirc5pE.i 
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Tozda dAH omoSpaotceHuu r, R cymecmeymm paaAocuceHUJi, Komopue mookho onu- 
camb duazpaMMOu 



RM 




(1) s = ker r nejisiemcfi K0Hgpy3HV,ueu na A. Cyuj,ecmeyem pasMocucenue zo- 

M0M0pcj}U3Ma r 



(2.2.13) 



(2.2.14) 



(2.2.15) 



(2.2.16) 



r = itj 

j = nat s - ecmecmeeHHUu goMOMop(f>u3M 



t - U30M0ptfiu3M 



I - BAOJKeHUe 



j{a) =jia) 
r{a)=t{jia)) 



r(a) = i{r{a)) 

(2) S = kcr R sieAiiemcsi aKeueaAeHmHocmbKi na M. Cyinecmeyem pa3Ao- 
DKCHue omo6paoK.eHU}i R 

(2.2.17) R^ITJ 
J = nat S - cwpBeK'nufi 

(2.2.18) J(m) = J(m) 
T - 6ueKii,usi 

(2.2.19) R{m) ^T{J{m)) 
I - eAOMcenue 

(2.2.20) R{m) = I{R{m)) 

(3) F - T-k-npedcmaeAeHue ^-aAze6pu A/ s e M/S 

(4) G - T-k-npedcmaeAeHue '^-aAzeBpu rA e RM 

(5) (j, J) - Mop(f)U3M npedcmaeAeHuu f u F 

(6) (i, T) - Mop(fju3M npedcmaeAeHuu F u G 

(7) {t~^ ,T~^) - Moptfiu3M npedcmaeAeHuu G u F 

(8) (i,/) - MopcfjusM npedcmaeAeHuu G u g 
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2. IlpcflCTaBjicHHC 5-aJirc6pBi 



(9) Cymecmeyem pasAocucenue Mop(f)U3Ma npedcmaeAeHuu 

(2.2.21) (r,i?) = (z,/)(t,r)(j,J) 

^OKASATEJibCTBO. CymecTBOBaHHe fliiarpaMM (1) h (2) cjie^yeT h3 TeopcMbi 
II.3.7 ([12], c. 74). 

Mbi HaHHCM c flHarpaMMbi (4). 

nycTb mi = 7712 (mod S). CjieflOBaTejibHO, 

(2.2.22) R{mi) ^ R{m2) 
EcjiH fli = 02 (mods), TO 

(2.2.23) r{ai)=r{a2) 

Cjie;i,OBaTejibHO, .7(01) = ^(02). TaK KaK {r,R) - mop4)H3m npe/i,CTaBjieHHH, to 

(2.2.24) i?(/(ai)(mi)) - 5(r(ai))(i?(mi)) 

(2.2.25) i?(/(a2)(m2)) =5(r(a2))(i?(m2)) 
H3 (2.2.22), (2.2.23), (2.2.24), (2.2.25) cjieflyeT 

(2.2.26) i?(/(ai)(mi)) = i?(/(a2)(m2)) 
H3 (2.2.26) cjieflyeT 

(2.2.27) /(ai)(mi) = /(a2)(m2)(mod5) 

H, CJieflOBaTCJIBHO, 

(2.2.28) J(/(ai)(mi)) - J(/(a2)(m2)) 
H3 (2.2.28) cjieflyeT, hto OTo6pa}KeHHe 

(2.2.29) FU{a))iJ{m)) - J(/(a)(m))) 

onpeflCJieHO KoppeKTHO h hbjihctch npeo6pa30BaHHeM MHOHcecTBa M/S. 

H3 paBBHCTBa (2.2.27) (b cjiynae oi = 02) cjie^yeT, hto ^jih jiioGoro a npeo6- 
pasoBaHHe corjiacoBanHO c SKBHBajieHTHOCTbio S. Ms TeopeMbi 2.2.14 cjie^eT, hto 
Ha MHOJKecTBe *{M/S) onpeflejiena CTpyKTypa 5^-ajire6pbi. PaccMOTpiiM n-apnyio 
onepaLi,Hio a; ii n npeo6pa30BaHHH 

Fij{a,))iJ{m)) = J(/(aO(m))) i = 1, n 

npocTpancTBa M/S. Mbi hojiojkhm 

oj{F{j{ai)),...,Fijianmj{m)) ^ JiLo{f{ai),...,f{a„mm)) 

CjieflOBaTCjibHO, OTo6pa5KeHHe F HBjiaeTCH npeflCTaBjieHHCM 5^-ajire6pbi A/s. 

H3 (2.2.29) cjieflyeT, hto {j, J) sBjiaeTCH mop4)H3mom npe;i,CTaBjieHiiH / h 
(yTBepjKfleHHe 5 TeopeMbi). 

PaccMOTpHM fliiarpaMMy (5). 

TaK KaK T - 6HeKD;HH, to MH MOJKeM 0T03K/i;eCTBHTb SJieMeHTbl MHOJKeCTBa M/S 

H MHOJKecTBa MR, npii^^eM sto OTOJKflecTBjieHiie HMeeT bh/i, 

(2.2.30) T{J{m)) = R{m) 

Mbi MO>KeM 3anHcaTb npeo6pa30BaHHe F{j{a)) MHOscecTBa M/S b BH/i,e 

(2.2.31) F{j{a)) : J(m) ^ Fij{a)){J{m)) 



2.2. Mop43H3M npc^cTaBjicHHH ^j-ajirc5pE.i 
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TaK KEK T - 6HeKn,Ha:, to mbi MOJKeM onpeflejiiiTb npeo6pa30BaHHe 

(2.2.32) T{ J{m)) ^ T{F{3{a)){J{7n))) 

MHOJKecTBa RM . npeo6pa30BaHHe (2.2.32) saeHCHT ot j(a) € A/s. TaK KaK t - 

6HeKLI,Ha, TO Mbl MOJKCM OTO>K^eCTBHTb SJieMeHTbl MHOJKeCTBa A/s H MHOJKeCTBa 

rA, npiineM sto OTOJKflecTBjieHHe HMeeT bh^ 

(2.2.33) t{i{a))=r{a) 
Cjie;i,0BaTejii3H0, mbi onpeflejiHjiii OToGpajKenHe 

G -.rA^ *RM 

corjiacHO paBCHCTBy 

(2.2.34) G{tUiamT{J{m))) = T{FU{a)){J{m))) 
PaccMOTpiiM n-apnyio onepai^iiio uj h n npeo6pa30BaHHH 

G{r{a,)){Rim)) = T{F{j{a,)){ J{m))) i = 1, n 

npocTpancTBa RM . Mbi hojioskhm 

(2.2.35) w(G(r(ai)),...,G(r(a„)))(i?(m)) = T(o.(F(j(ai),...,F(j(a„)))(J(m))) 

CorjiacHO (2.2.34) onepaii,HH lo KoppeKTHO onpeflejiena na MHOJKecTBe * RM . Cjie- 
^OBaTCJibHO, OTo6pa>KeHHe G HBjiaeTCH npe^CTaBjieHHeM i?-ajire6pbi. 

Hs (2.2.34) cjieflycT, hto {t,T) HBjiHeTCH MopcjDnsMOM npe^CTaBjieHiiii F vl G 
(yTBepjKfleHHe 6 TeopeMbi). 

TaK KaK T - 6HeKLi,HH, to h3 paBencTBa (2.2.30) cjie^yeT 

(2.2.36) J{m) ^T-^{R{m)) 

Mbi MO>KeM aaniicaTb npeo6pa30BaHiie G'(r(a)) MHOJKecTBa RM b Bii^e 

(2.2.37) G{r{a)) : R{m) G{r{a)){R{m)) 

TaK KaK T - 6HeKn,H5i, to mbi mojksm onpeflejiHTb npeo6pa30BaHHe 

(2.2.38) T-^{R{m)) ^T-^{G{r{a)){R{m))) 

MHOJKecTBa M/S. npeo6pa30BaHHe (2.2.38) 3aBHCHT ot r(a) € rA. TaK KaK t - 
6HeKii,Ha:, to h3 paBCHCTBa (2.2.33) cjie^yeT 

(2.2.39) j(a)=t-\ria)) 

TaK KaK no nocTpoennK) ^HarpaMMa (5) KOMMyiaTHBHa, to npeoSpasoBanHe (2.2.38) 
coBnaflaeT c npeo6pa30BaHiieM (2.2.31). PaBencTBO (2.2.35) mojkho samicaTb b bh- 

(2.2.40) T~\u;iG{r{a,)), G(r(a„)))(i?(m))) = ^(i^(j(«i), F(j(a„)))( J(™)) 

CjieflOBaTCjiBHO, {t~^,T^^) HBjiaeTCH mop4)H3mom npeflCTaBjienHii G \i F (yTBep- 
jKfleHHe 7 TeopcMbi). 

^HarpaMMa (6) HBjiHeTCH caMbiM npocTbiM cjiynaeM b nameM flOKa3aTejibCTBe. 
IIocKOJibKy OToGpaaceHHe / HBjiHeTCH BjioxeniieM h flHarpaMMa (2) KOMMyTaTHBna, 
Mbi MOJKeM OTOJK^ecTBHTb 71 G iV H i?(m), ecjiH n £ ImR. AnajiornHHO, mm mojkcm 
OTOJKflecTBHTb cooTBeTCTByiOLn,He npeo6pa30BaHHa. 

(2.2.41) g'(^(r■(a)))(/(i^(m))) = /(G(r(a))(i?(m))) 
a;(ff'(r(ai)),...,ff'(r(a„)))(i?(m))=/(c.(G(r(ai),...,G(r(a„)))(i?(m))) 
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2. npeflCTaBjicHHC 5-aJirc6pBi 



CjieflOBRTejibHO, (i, /) HEjiaeTca mop43H3mom npe^CTaBjienHii G ti g (yTBep>KfleHHe 
8 TeopeMbi). 

JX-nsi ;i,OKa3aTejiijCTBa yTBepjKfleHHH 9 TeopcMbi ocTajiocb noKasaTb, hto onpe^e- 
jieHHoe B npoii,ecce flOKasaTejibCTBa npe;i,CTaBjieHHe g' coBna^aeT c npe/^CTaBjienneM 
g, a onepai^HH na/i, npeoSpasoBaHHHMH coBna;];aiOT c cooTBeTCTByiomHMH onepaii,H- 
HMH Ha *N. 



g'(z(r(a)))(/(i?(m))) = I{G{r{a)){Rim))) 

= /(GWj(a)))(r(J(m)))) 
= /r(F(j(a))(J(m))) 
= /rj(/(a)(m)) 
= i?(/(a)(m)) 
= giria)){R{m)) 



a;(G(r(ai)),...,G(r(a„)))(i?(™)) 



corjiacHO (2.2.41) 
corjiacHO (2.2.15), (2.2.19) 
corjiacHO (2.2.34) 
corjiacHO (2.2.29) 
corjiacHO (2.2.17) 
corjiacHO (2.2.3) 

T{ujiF{j{a,),...,F{j{a,,mj(m))) 
T{F{u{j{ai),...,j{anmJ{m))) 
T(F(j(c^(ai,...,a„)))(J(m))) 
T(J(/(c^(ai,...,a„))(TO))) 



□ 

Onpe/i,ejieHHe 2.2.16. IlycTi, 

f ■.A^*M 

npeflCTaBjiCHHe 5^-ajire6pbi A, 

g:B^*N 
npeflCTaBjierae 5-ajire6pBi B. IlycTb 

r : A ^ B R : M ^ N 

Mop4)H3M npeflCTaBjieHHH h3 r b i? TaKOii, hto / - h30mop4)H3m 5-ajire6pi>i h g - 
H30Mop(i)H3M j5-ajire6pbi. Torfla OTo6pa>KeHiie (r, R) Ha3biBaeTCH h30mop4>h3mom 
npe/i;cTaBJieHHH. □ 

TeopeMa 2.2.17. B paaAocHcenuu (2.2.21) omo6paDfceHue {t,T) jieMJiemcM U30- 
Mop(pu3MOM npedcmaeAeHuti F u G. 

^OKASATEJTbCTBO. CjieflCTBHe onpcflejiemiH 2.2.16 h yTBepjKfleHHft (6) h (7) 
TeopeMbi 2.2.15. □ 



2.2. Mop43H3M npc^cTaBjicHHH ^f-ajirc5pE.i 
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Hs TeopeMM 2.2.15 cjie^yeT, ^to mbi mo^kcm csecTH safla^^y HsynenHH MopeJjHS- 
Ma npeflCTaBjiCHHii 5^-ajire6piji k cjiynaio, onHCtiBacMOMy fliiarpaMMOH 

(2.2.42) 




TeopeMa 2.2.18. /^uazpaMMa (2.2.42) Mootcem Burnt) donoAHena npedcmaeAenu- 
CM Fi ^-aA3e6pu A e MHOotcecmee M/S maK, nmo duazpaMMa 



(2.2.43) 




M/S 



M/S 



KOMMymamueHa. Upu smoM MHOotcecmeo npeoBpaaoeanuu npedcmaeneHUSi F u 
MHOotcecmeo npeo6pa3oeaHuu npedcmaeACHUJi Fi coenadamm. 

^OKASATEJIbCTBO. J^JISI flOKaSaTCJIBCTBa TeopeMM flOCTaTO^HO nOJIOJKHTb 

F,{a) = F{:j{a)) 

TaK KaK OToSpajKeHHe j - ciopbeKi^HH, to Imi^i = liaF. TaK KaK j m F - roMOMop- 
4)H3MM 5^-ajire6pbi, to Fi - TaKJKe roMOMop4)ii3M 3^-ajire6pbi. □ 

TeopeMa 2.2.18 saBepmaeT ii,hkji TeopeM, nocBamenHbix CTpyKType Mop4)H3Ma 
npeflCTaBjieHHii 5-ajire6pbi. Hs sthx TeopeM cjie^yeT, hto mbi MOJKeM ynpocTiiTt 
safla^^y HsyHenHH Mop4)H3Ma npeflCTaBjienHfi 5-ajire6pbi ii orpaHHHHTBca Mop4)H3- 
MOM npe^CTaBjieHHH BH^a 

id : A ^ A R:M N 
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2. npcflCTaBjicHHC 5-aJirc6pBi 



B 3T0M cjiynae mbi mojkcm OTO}K;i,ecTBHTij mop4)H3m (id, R) npeflCTaBjieHHii J-aji- 
reSpbi H OTo6pa}KeHHe i?. Mbi 6y;i,eM nojibsOBaTbca flHarpaMMOii 

R 




fljiH npeflCTaejieHHH Mop(J)H3Ma (id, i?) npeflCTaBjieHHii 5^-ajire6piji. Hs flHarpaMMbi 
cjieflyeT 

Rof(a)^g{a)oR 
Mbi flaflHM cjieflyiomee onpe/i,ejieHHe no anajiorHii c onpeflejieniieM 2.2.11. 

Onpe/i,ejieHHe 2.2.19. Mm onpe^eJiKM KaTeropHio T-k^ r*-npe/i;cTaBJie- 
HHH 3^-ajire6pbi A. OSteKTaMH 3T0fl: KaTcropHH HBjiaiOTca: T^-npeflCTaBjieniiaMH 
3'-ajire6pbi A. Mop4)ii3MaMH stoh KaTeropHH hbjihiotch Mop(J)H3Mbi (id, R) T-k- 
npeflCTaBjiCHHii 5^-ajire6pbi A. □ 

2.3. ABTOMoptJjHSM npeflCTaBJieHHH 3'-aJire6pbi 
Onpe/i;ejieHHe 2.3.1. IlycTb 

f -.A^ *M 

npeflCTaBjiCHHe 5^-ajire6pbi A b ^-ajiTe6pe M . MopeJjiiSM npeflCTaBjieHnii 5^-ajire6- 
pbi 

[r : A^ A,R: M ^ M) 
TaKOH, HTO r - 3HflOMop4)ii3M 3'-ajire6pi>i ii R - SHflOMopcJjiiSM i3-ajire6pi>i nasbiBa- 

eTCH 3H^OMOp4)H3MOM npe^CTaBJieHHS /. □ 

Onpe/];ejieHHe 2.3.2. IlycTb 

f -.A^ *M 

npe^CTaBjieHHe 5^-ajire6pbi A b ^-ajireSpe M . Mop4)H3M npeflCTaBjiCHHii 5^-ajire6- 

PBI 

(r : A^ A,R: M ^ M) 
TaKoii, HTO r - aBTOMop4)ii3M 5^-ajire6pbi ii R - aBTOMop4)ii3M .Q-ajire6pbi Ha3biBa- 

CTCH aBTOMOpcJ)H3MOM npeflCTaBJieHHH /. □ 

TeopeMa 2.3.3. Ilycm-b 

f : A^*M 

npedcmaeAenue ^-aAge6pu A e S^-aA2e6pe M . MHODfcecmeo aemoMopcfjuaMoe nped- 
cmaeAeHUM f nopoofcdaem Jiyny 2t(/) .^'^ 



^■^OnpeflejieHHe jiyni>i npHBeflCHHO b [6], c. 24, [5], c. 39. 
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^OKASATEJTbCTBO. IlycTb {r,R), {p,P) - aBTOMopcjDHSMM npeflCTaBjieHHH /. 
CorjiacHO onpeflejienHio 2.3.2 OTo6pa>KeHHH r, p hbjihiotch aBTOMop4)H3MaMH ^- 
ajire6pbi A ii OTo6pa>KeHHH R, P hbjihiotch aBTOMopcJjHSMaMii io-ajire6pbi M. Co- 
rjiacHO TeopeMe II. 3. 2 ([12], c. 60) OTo6pa>KeHHe rp HBjiaeTCH aBTOMopcJjHSMOM 
5'-ajire6pBi A h OTo6pa>KeHHe RP HBjiaeTCH aBTOMopcjDnsMOM jo-ajire6pbi M. Hs 
TeopeMBi 2.2.10 h onpeflejiemiH 2.3.2 cjieflyei, hto npoiiSBefleHHe aBTOMop(J)H3MOB 
(rp, RP) npeflCTaBjiCHHH / HBjiaeTCH aBTOMopcjDHSMOM npe^CTaBjieHHH /. 

IlycTb (r, R) - aBTOMopcj3H3M npeflCTaBjienHH /. CorjiacHO onpeflCJieHHio 2.3.2 
OTo6pa>KeHHe r HBjiaeTCH aBTOMopcJjHSMOM ^-ajireGprn A h OTo6pa}KeHHe R hbjih- 
eTCH aBTOMopcJjHSMOM i^-ajireGpbi M. CjieflOBaTejibHO, OTo6pajKeHiie r^^ HBjiaeT- 
CH aBTOMop4)H3MOM 5'-ajire6pbi A h OTo6pa}KeHHe R^^ sBjiaeTCH aBTOMopcJjHSMOM 
f)-ajire6pbi M. JXjisi aBTOMopcjDHSMa {r, R) cnpaBCfljiHBO paBCHCTBO (2.2.4). IIojio- 
>KHM a' = r(a), m' ~ R(m). TaK KaK r n R - aBTOMOpcJjHSMbi. to a = r~^(a'), 
m ~ R~^{ni') H paBencTBO (2.2.4) mojkho aanHcaTB b BH^e 

(2.3.1) R{f{r-\a')){R-\m'))) = g{a'){m') 

aa Tax KaK OTo6pa}KeHHe R HBjiaeTCH aBTOMopcjDiiSMOM i^-ajire6pbi M, to ii3 pa- 
BCHCTBa (2.3.1) cjieflyeT 

(2.3.2) f{r-\a')){R-\m')) = R-\g{a'){m')) 

PaBCHCTBO (2.3.2) cooTBeTCTByeT paBencTBy (2.2.4) ^jih OToSpajKenHs {r~^,R^^). 
CjieflOBaTCjiBHO, OTo6pa>KeHHe (r~^,_R^^) aBjiaeTca aBTOMopcJjHSMOM npe;i,CTaBjie- 

HHH /. □ 

SaMGMaHHe 2.3.4. OneBiiflHO, hto MHOJKecTBO aBTOMopcjjHSMOB 3'-ajire6pbi A TaK- 
yKQ nopojKflaeT Jiyny. Kohctho, saMannHBO npeflnojio>KHTb, hto mhosccctbo aBTO- 
Mop4)H3MOB nopojKflaeT rpynny. Tax xax npoHSBe^eHne aBTOMop4)H3MOB f vl g 
HBjiHeTCH aBTOMop4)H3MOM fg, TO onpeflejieHBi aBTOMop4)ii3Mbi {fg)h H f{gh). Ho 
H3 3Toro yTBepjKfleHHH ne cjieflyeT, hto 

U9)h = figh) 

□ 

2.4. BasHC r*-npeflCTaBJieHHa 
Onpe/i;ejieHHe 2.4.1. IlycTb 

f ■.A^*M 

npeflCTaBjieHHe 3'-ajire6pbi A b Jo-ajire6pe M. MHOxecTBO N C M nasbiBaeTCH 
CTa6HJibHMM MHOJKecTBOM npe;],CTaBJieHHH /, ecjiH f{a){m) £ N ^jih jiio6bix 
a £ A, m e N. □ 

Mbi TaKJKe 6yfleM roBopiiTB, hto MHOscecTBO AI CTa6iijibHO OTHOCiiTejibHO npe/i,- 

CTaBJieHHH /. 

TeopeMa 2.4.2. nycm-b 

f :A^*M 

npedcmaeAenue ^-aAze6pu A e Sj-aAge6pe M . Ilycmb MHOotcecmeo N C M sienfi- 
emcM nodaAze6pou S^-aAze6pu M u cma6uAbHUM MHoatcecmeoM npedcmaeneHusi 
f. Tozda cymecmeyem npedcmaeAenue 

fN:A^*N 
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2. npcflCTaBjicHHC 5-aJirc6pBi 



maKoe, umo fN{a) ~ f{a)\N- UpedcmaejieHue Jn nasueaemcfi noflnpe;];cTaBjie- 
HHeM npeflCTaBJieHHH /. 

flOKASATEJTbCTBO. IlycTb LOi - Ti-apHEH onepai^HH 5^-ajire6pbi A. Tor;i,a fljia 
jiio6ijIx oi, a„ £ Am jiK)6oro b E N 

wi(/jv(ai), /Ar(a„))(&) = wi(/(ai), /(a„))(6) 

= /(wi(ai, •••,a„))(^) 

= /Af(wi(ai, ...,a„))(6) 

IlycTb - n-apnaa: onepau,Ha i^-ajireGpti M. Tor^a fljia jiioGbix 61, 6„ G h 
jiio6oro a G A 

^2(/7v(a)(&i), fN{a){bn)) = c.2(/(a)(&i), f{a){bn)) 

= I{a){^2{bi, ...,bn)) 

= fN{a){LL>2{bl, -jbn)) 

yTBepjKfleHHe TeopeMbi flOKasano. □ 

H3 TeopeMbi 2.4.2 cjie^yeT, ^^to ccjih /at - no;];npe/i,CTaBjieHHe npeflCTaBjieHHH 
/, TO OToSpajKeHHe (id : A A, id]\j : N — > M) HBjiHeTCH mopcJjhsmom npe^CTaB- 

JieHHH. 

TeopeMa 2.4.3. MHomcecmeo^ '^ Bf ecex nodnpedcmae/ieHuu npedcmaeAenun f 
nopoDfcdaem cucmeMy aaMUKanuu na S^-aAze6pe M u, CAedoeameAbHO, sienfiemcsi 
noAHOu cmpyKmypou. 

flOKASATEJibCTBO. IlycTb {K\)\^\ - ceMciicTBO no;];ajire6p io-ajire6pbi M, 
CTa6Hjii>Hi>ix OTHOCHTejibHO npeflCTaBjiCHHH /. Onepaii;iiio nepecenenHH na MHOJKe- 
CTBe Bf MM onpeflejiHM corjiacno npaBHjiy 

n Jkx = fnKx 

Onepai^HH nepeceneHHii noflnpe;i,CTaBjieHHH onpe;i,ejieHa KoppeKTHO. HKx - no^aji- 
re6pa i^-ajireGpti M. IlycTb m G r\K\. fljia jiK)6oro A G A 11 fljia jiK)6oro a G A, 
f{a){m) G Kx. CjieflOBaTejibHO, f{a){m) G C\K\. CjieflOBaTejibHO, r\K\ - CTa6Hjib- 
Hoe MHOJKecTBO npeflCTaBjieniiH /. □ 

06o3HaHHM cooTBCTCTByiomHii onepaTop saMbiKanns nepes Jf . TaKHM o6pa- 
30M, Jf{X) HBjiaeTCH nepece^eHHeM Bcex noflajire6p i5-ajire6pbi M, coflepacamHx 

X H CTa6HJIbHbIX OTHOCHTejIBHO npeflCTaBjieHHH /. 

TeopeMa 2.4.4. Uycmt? '^ 

f : A^*M 

npedcmaeAenue ^-aAaeSpu A e S^-aAze6pe M . Ilycmb X C AI . OnpedcAUM nod- 
MHOotcecmeo Xk C M UHdyKV,ueu no k. 

Xo = X 
X e Xk => X G Xk+1 
Xi G Xk, ...,a;„ G Xk,uj G S){n) => uj{xi, ...,.t„) G Xk+i 
X e Xk,a e A=> fia){x) G X^+i 



^■"^9to onpe^ejieHHe aHajiorHMHO onpe^ejieHHio CTpyKTypbi no^ajireSp ([12], CTp. 93, 94) 
^■'^yTBep^KfleHHe TeopeMbi aHajiorHMHO yTBep:a^/i,eHHio TeopeMbi 5.1, [12], CTp. 94. 



2.4. BasHC T*-npG/],CTaBJicHHSi 
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Toeda 

oo 

U ^fc = Jf{X) 

k=Q 

^OKASATEJlbCTBO. EcjiH nojio>KHM U = UXk, TO no onpeflejieHHK) Xk HMeeM 
Xq C Jf{X), H ecjiH Xk C Jf{X), TO Xfc+i C Jf{X). ITo HHflyKLi,HH cjieflycT, hto 
Xk C Jf{X) fljiH Bcex fc. CjieflOBaxejibHO, 

(2.4.1) [/ C Jf{X) 

EcjiH a G [/", a = (ai,...,a„), r^e ai £ ^fe;, h ecjiii k = maxjfci, fc„}, to 
w(ai,...,a„) e ^fe+i C ?7. CjieflOBaTejibHO, U HBjiaeTCH no^ajireGpoii io-ajireGpti 
Af. 

EcjiH m G [/, TO m G fljiH HCKOTOporo k. CjieflOBaTejibHO, f{a){m) G 
Xfc+i C U fljiH jiio6oro a G A. CjieflOBaTejiBHO, U - CTa6Hjii>Hoe MHOJKecTBO npe/i,- 

CTaBJICHHH /. 

Tax KaK U - no^ajireGpoH i3-ajire6pbi M h CTa6HjibHoe mhosccctbo npe^CTaB- 
jieHHH /, TO onpe^ejieHO noflnpeflCTaBjienHe fij. CjieflOBaTejibHO, 

(2.4.2) Jf{X) C U 

H3 (2.4.1), (2.4.2), cjieflycT Jf{X) = U. □ 

Jf{X) Ha3biBaeTCH no/];npe^cTaBJieHHeM, nopo»c/i;eHHMM MHo:acecTBOM 
X^ a. X - MHOJKecTBOM o6pa3yK}ii],HX no^npe;];cTaBJieHHa Jf{X). B nacTHO- 
CTH, MHOJKecTBOM o6pa3yioiii;HX npe/i;cTaBJieHHH / 6y;i,eT TaKoe noflMHOxcecTBO 
X C M, HTO Jf{X) = M. 

Onpe/i,ejieHHe 2.4.5. HycTb X a M - MHOJKecTBO o6pa3yioiii;Hx npeflCTaBjienHa 

f ■.A^*M 

IlycTb OToGpajKCHHe 

{h: A,H : M ^ M) 

HBJiaeTCH 3HflOMOp(|)H3MOM npeflCTaBJICHHa /. IlyCTb MHOJKeCTBO X' = HX HBJIH- 

eTCH o6pa30M MHOscecTBa X npii OTo6pajKeHHH H . 3h/i,omop4)H3m (/i, H) npeflCTaB- 
jienna / HasbiBaeTca HeBbipo:»<;/i;eHHbiM Ha MHOxcecTBe oGpasyroiUHX X, ecjiH 
MHOJKecTBO X' HBjiaeTCH MHOJKecTBOM o6pa3yK)mHx npeflCTaBjieniis /. B npoTHB- 
HOM cjiy^ae, 3HflOMop4)H3M npeflCTaBjieHHH (ft,, H) nasMBaeTCH BbipoiK^eHHWM 
Ha MHOKecTBe o6pa3yK)m,HX X , □ 

Onpe/i;ejieHHe 2.4.6. 9h^omop4)H3m npeflCTaBjienHa / Ha3biBaeTca HeBBipojK- 

fleHHBIM, eCJIH OH HCBBipOJKfleH Ha JHO60M MHOJKeCTBe o6pa3yiOHi,Hx. □ 

HeTpyflHO BHfleTb, hto onpeflejienHe MHOJKecTBa o6pa3yioiLi;Hx npeflCTaBjienHa 
He saBHCHT OT Toro, 34)4)eKTHBHO HpeflCTaBjieHHC HjiH HeT. no3TOMy B flajiBHeiinieM 
MM 6yfleM npe;i,nojiaraTb, ^ito npe;i,CTaBjieHHe 34)4)eKTHBHO h Sy^eM onnpaTbca na 
corjiameHHe fljia 34)4)eKTnBHoro T^-npeflCTaBjieHHa b 3aMeHaHHH 2.1.9. 

H3 TeopeMbi 2.4.4 cjie^yeT cjieflyion;ee onpeflejienHe. 

Onpe/];ejieHHe 2.4.7. IlycTb X C M. JXna jiio6oro x G Jf{X) cym,ecTByeT ij- 
cjiOBO, onpe^ejieHHoe corjiacHO cjie;i,yiom,eMy npaBHjiy. 

(1) EcjiH m G X, TO m - i^-cjiOBO. 

(2) EcjiH TTii, m„ - i^-cjiOBa h a; G ^{n), to mi...m„aj - j^-cjiOBO. 

(3) EcjiH m - io-cjiOBO H a G A, to am - i^-cjiOBO. 
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2. npeflCTaBjicHHC 5-aJirc6pBi 



i^-cjiOBO wlm, f, X) , npeflCTRBjiHiomee flanHbiii sjieMenT m G J/(X), nasMBaeT- 

CH KOOpflHHaTaMH SJieMeHTa m OTHOCHTejIBHO MHOJKeCTBa X. 06o3HaHHM 

W{f,X) MHOJKecTBO Koop/i;HHaT npe^cTaBJieHHH Jf{X). □ 

HpeflCTaBjieHHe m e Af b BHfle j^-cjiOBa HeoflHoanaHHO. Ecjih mi, m„ - 
^-cjiOBa, w G h a G A, to i^-cjiOBa aTOi...m„cj h ami...amnUJ oniicbiBaiOT 

o;i,HH H TOT jKe sjieMeHT jo-ajire6pbi Bosmojkhbi paBCHCTBa, CBasannbie co cne- 
d;h4)hkoh npeflCTaBjiCHHH. HanpiiMep, ecjiH lu HBjiaeTCH onepai^Heit 5'-ajire6pbi A 
H onepari,Heii i5-ajire6pbi M, to mh Mosceivi noTpe6oBaTb. hto i^-cjiOBa ai...a„a;x 
H aix...anXU! onncbiBaiOT o^hh ii tot jKe sjieMCHT jo-ajire6pbi A/. IlepeHHCjieHHbie 

Bbime paBCHCTBa Onpe^CJIHIOT OTHOmCHHC SKBHBajICHTHOCTH r^-y Ha MHOJKCCTBC S^- 
CJIOB A/j--,. 

TeopeMa 2.4.8. SndoMop^usM (r, i?) npedcmaeAenuM 

f ■.A-^*M 
nopoofcdaem omo6pamceHue Koopdunam 

w{f,r,R,X):W{f,X)^Wif,X') XcM X' = R{X) 
maKoe, umo 

(1) EcAU m G X, m! = R{m), mo 

'w{f, r, i?, X)(m) = m' 

(2) EcAu 

mi,...,m„ G 

m[ = w{f,r,R,X){mi) ... m'^ ^ w{f,r, R, X){m„) 
mo dAJi onepav,uu uj G cnpaeedAueo 

w{f,r,R,X)(rni...mnUj) = m[...m'„uj 

(3) EcAu 

m G X) to' r, i?, X){m) 

a € A a' — r{a) 

mo 

w{f, r, i?, X)(aTO) = a'm! 
^OKASATEJTbCTBO. YTBCp^KflCHHa (1) , (2) TCopcMbi cnpaBCfljiHBBi B CHjiy onpc- 

;i,ejICHHH 3HflOMOp4)H3Ma R. yTBCpjKflCHHC (3) TCOpCMBI CJICflyCT H3 paBCHCTBa (2.2.4). 

□ 

TeopeMa 2.4.9. Uycm-b 

f : A^*M 

npedcmaeACHue '^-aAzeBpu A e S^-aAze6pe M . Uycmb omoBpaMcenue 

r : A^ A 

MBAJiemcM 9HdoMopcf)U3MOM ^-aAge6pu A. /(aji aadaHHUx MHOotcecme X C M, 
X' C M nycmt omo6paotceHue 

Ri-.X^X' 



2.4. Ba3HC T*-npG;;cTaBjicHHa 
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cozAacoeaHO co cmpyKmypou Sj-aA3e6pu M , m. e. dAsi daHHOu onepa%uu ui £ ^(n), 
ecAU 

xi, ...,x„,xi...a;„a; e X 
mo Ri{xi...XnLj) — Ri(xi)...Ri{xn)uj. PaccMompuM omo6pacHceHue Koopdunam 

wir,R,,X):W{f,X)^W{f,X') 
ydoBAemeopjiminee ycAoeuMM (I), (2), (3) meopcMu 2.4-8. Cyvnecmeyem andoMop- 

(f)U3M 

R: M ^ M 

onpedeAemuu npaeuAOM 

(2.4.3) R{m)^w{f,r,R^,X){w{mJ,X)) 

u omo6paotceHue {r,R) neAfiemcsi MopcfjusMOM npedcmaeAHeHuu Jf{X) u Jf{X'). 

^OKASATEJTbCTBO. Mbi 6yfleM flOKasbiBaTb leopeMy HHflyKi^iieii no cjiojkho- 
CTH .^-cjiOBa. 

EcjiH w{m, /, X) = TO, TO TO e X . CorjiacHO ycjiOBiiio (1) TeopeMbi 2.4.8, 

R{m) = w{r,Ri,X){w{m,X)) = w{r,Ri,X){m) = Ri{m) 

CjieflOBaTejibHO, na MHOJKecTBe X OToGpajKeHHa R n Ri coBna^aiOT, h OTo6pajKe- 
HHe R corjiacoBano co CTpyKTypoii ^)-ajire6piji. 

IlycTij w S ^(n). IlycTb npeflnojiojKenHe vrnflyKixmi Bepno ^jia TOi, to„ G 
Jf{X). IlycTi. Wi = w{mi,X), .... Wn = w{mn,X). Ecjih to = TOi...TO„a;, to 
corjiacHO ycjiOBHK) (2) onpeflejienHH 2.4.7, 

w{m,f,X) = wi...WnU; 

CorjiacHO ycjiOBHio (2) TeopeMbi 2.4.8, 

Rim) = w{r, Ri,X)(w{m, X)) = 'w{r, Ri,X){wi...Wnio) 

= w(r, Ri,X){wi)...w{r, i?i,X)(w„)a; 

= R{mi)...R{mn)u! 

CjieflOBaTCjiBHO, OToGpajKCHne R aBjiaeTca SHflOMopcjjHSMOM jo-ajire6pbi M. 

IlycTb npeflnojioxcHHe HHflyKLi,HH Bcpno f^jin m £ Jf(X), w{m,X) = Wm- 
IlycTb a e A. CorjiacHO ycjiOBHio (3) onpcflejienHH 2.4.7, 

w{am, X) = awm 

CorjiacHO ycjiOBHio (3) TeopeMbi 2.4.8, 

R{am) — w{r^ X){w{am, X)) = w{r, X){aWm) 

= r{a)w{r, Ri, X){wm) = r{a)R{m) 

Ha paBCHCTBa (2.2.4) cjie^yeT, hto OToGpajKeniie (r, R) HBjiaeTCH MopcjDiiSMOM npe^- 

CTaBJieHHH /. □ 

TeopeMa 2.4.10. AemoMopcpusM (r, R) npedcmaeAeHUJi 

f ■.A^*M 

RBAfiemCSl HeeUpOCHcdeHHUM 3Hd0M0p<jjU3M0M. 
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2. npcflCTaBjicHHC 5-aJirc6pBi 



^OKASATEJTbCTBO. IlycTb X - MHOJKecTBO o6pa3yiomHx npeflCTaBjiCHHH /. 
nycTb X' = R[X). 

CorjiacHO TeopeMe 2.4.8 3HflOMop4)H3M (r, R) nopojKflacT OTo6pa}KeHHe Koop- 
flHHaT w{f,r,R,X). 

IlycTb m' G M. Tax KaK R - aBTOMOpcJjHSM. to cymecTByeT m e M, R{m) = 
m! . CorjiacHO onpeflejiemiio 2.4.7 'w{m, X) - KOopflHHaTbi m OTHOCHTejibHO MHOJKe- 
CTBa oGpasyiomiix X . CorjiacHO TeopeMe 2.4.9, 

w{m',X') = w{f, r, R, X){w{m, X)) 

KOopfliiHaTbi m' OTHOCHTejibHO MHOJKecTBa o6pa3yioiLi,Hx X'. CjieflOBaTejiBHO, X' 
- MHOJKecTBO o6pa3yiom,Hx npeflCTaBjienHs /. CorjiacHO OHpeflejiennm 2.4.6, aBTO- 

MOpcj3H3M (r, R) - HeBbipOJKfleH. □ 

EcjiH MHOJKecTBO X d AI HBjiaeTCH MHOJKecTBOM o6pa3yion],Hx Hpe/i,CTaBjieHHa 
/, TO jiK)6oe MHOHcecTBO Y , X d Y C M TaKJKe HBjiaeTCH MHOJKecTBOM oGpasyro- 
Hi,Hx npeflCTaBjieHHH /. Ecjih cyn;ecTByeT MHHHMajibHoe MHOJKecTBO X, uopoyKfia- 
mmee Hpe^CTaBjieHHe /, to Taxoe MHOJKecTBO X Ha3biBaeTCH 6a3HCOM npefi^cTas- 

JieHHH /. 

TeopeMa 2.4.11. MHOotcecmeo o6pa3ywiu,ux X npedcmaeACHUJi f MSAJiemcM 6a- 
3UC0M mozda u moAtKO mozda, Kozda djisi AKi6oeo m € X MHOotcecmeo X \ {m} He 
MBAJiemcji MHODKecmeoM o6pa3ymujt,ux npedcmaeAeHUJi f . 

^OKASATEJibCTBO. IlycTb X - MHOJKecTBO o6pa3yioiLi;Hx paccjioenHH /. JJp- 
HycTHM fljia HeKOToporo m e X cym,ecTByeT cjiobo 

(2.4.4) w = wimJ,X\{7n}) 
PaccMOTpHM sjieMeHT m' , ^jih KOToporo cjiobo 

(2.4.5) w' = w(m',/,X) 

3aBiiCHT OT m. CorjiacHO onpe^ejieHHio 2.4.7, jiio6oe Bxo}K;i,eHHe m b cjiobo w' 

MOJKCT 6bITb 3aMeHeH0 CJIOBOM W. CjieflOBaTCJIBHO, cjiobo w' He 3aBHCHT OT TO, a 
MHOJKCCTBO X \ {m} HBJIHeTCH MHOJKeCTBOM o6pa3yiOILi;HX HpeflCTaBJICHHS /. Cjie- 

;i,OBaTejibHO, X ne HBjiJieTCH 6a3HCOM paccjioeHiiH /. □ 

SaMGHaHHe 2.4.12. ^OKa3aTejibCTBO TeopcMbi 2.4.11 ^acT naM 34)4)eKTHBHi>iH 
MeTo;; HOCTpoeniisi 6a3Hca Hpe^CTaBjieHHa: /. BbiSpaB HpoH3BOjii>Hoe mho^kcctbo 
o6pa3yioiLi;Hx, mbi mar 3a maroM iiCKjiiOHaeM tc sjieMCHTbi MiiojKecTBa, KOTopbie 

HMCIOT KOOpflHHaTBI OTHOCHTejibHO OCTajIbHblX SJICMCHTOB MHOJKCCTBa. EcjIH MHO- 

scecTBO o6pa3yioiLi,Hx HpeflCTaBjieniiH Gcckohchho, to paccMOTpcHHaa: OHepaii;HH mo- 
>KeT He HMCTb HOCjieflHcro niara. Ecjih Hpe;i,CTaBjieHHe hmcct kohchhoc mhojkcctbo 
o6pa3yioiLi;Hx, to sa kohchhoc hhcjio niaroB mm mojkcm HOCTpoiiTb 6a3iic SToro 
HpeflCTaBjieHHH. 

KaK otmcthji Koh b [12], CTp. 96, 97, npe;i,CTaBjieHHe mojkct hmctb nesKBHBa- 
jiCHTHbie 6a3HCbi. HanpHMcp, ii;HKjiHHecKaH rpynna mecToro HopH;i,Ka hmcct 6a3H- 
cbi {a} H {a^,a'^}, KOTopbie Hejib3H OTo6pa3HTb o^hh b flpyroii 3HflOMop4)H3MOM 
HpeflCTaBjieHHH. 

TeopeMa 2.4.13. AemoMop(pu3M npedcmaeACHUfi f omo6paotcaem 6a3uc nped- 
cmaeACHUJi f e 6a3uc. 



2.5. HccKOjibKO npHMcpoB 6a3Hca npcflCTaBjicHHH 
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^OKASATEJTbCTBO. IlycTb OTo6pa>KeHHe (r, R) - aBTOMopcjjiiSM npeflcxaBjie- 
HHH /. IlycTb MHOJKecTBO X - 6a3iic npeflCTaBjieHHH /. IlycTij X' = R{X). 

^onycTHM MHOscecTBO X' He HBjiJieTCH 6a3HCOM. CorjiacHO leopeMe 2.4.11 cy- 
mecTBycT m' € X' TaKoe, hto X' \ {x'} HBjiaeTCH MHOscecTBOM o6pa3yiomHx npe/i,- 
CTaBjiemiH /. CorjiacHO leopeMe 2.3.3 OToGpajKCHHe (r~^, R^^) ABjiaeTCH asTOMop- 
4)H3MOM npeflCTaBjieHHH /. CorjiacHO TeopeMe 2.4.10 h onpeflejieHHio 2.4.6, MHOJKe- 
CTBO X \{m} HBjiaeTCH MHO>KecTBOM o6pa3yioinHx npeflCTaBjieHHH /. ITojiyHeHHoe 
npoTHBopcHHe flOKa3biBaeT TeopeMy. □ 

2.5. HecKOJibKO npHMepoB 6a3Hca npe/i,CTaBJieHHH 

IIpHMep 2.5.1. PaccMOTpHM BeKTopHoe npocTpancTBO V na/i, nojiCM F. Ecjih flano 
MHOJKecTBO BeKTopoB 61, e„ TO, corjiacHO ajiropHTMy nocTpoenHH KOopflimaT 

Hafl BCKTOpHblM npOCTpaHCTBOM, KOOpflHHaTbl BKJIIOHaiOT TaKHe 3JieMeHTbI KaK Ci + 

62 H aei. PeKypcHBHO npHMCHHii npasHjia, npHBefleHHbie b onpe^ejieHHH 2.4.7, mh 
npHfleM K BbiBOfly, hto mho^kcctbo BCKTOpoB ei, e„ nopojKflacT mho^kcctbo 

JIHHeilHblX K0M5HHan,HH 

1 ^ 

a ei + ... + a e„ 

CorjiacHO TeopeMe 2.4.11, MHOJKecTBO BeKTopoB ei, e„ HBjiHeTca: GasncoM npn 
ycjiOBHH, ecjiH fljiH jiio6oro i, i = 1, n, BBKTop ne HBjiaeTCH jiHHeHHoii kom6h- 
HaLi;iieH ocTajibHbix BexTopoB. 3to Tpe6oBaHHe paBHOCHjibHO Tpe6oBaHHio jiHHeiiHOii 

He3aBHCHM0CTH BeKTOpOB. □ 

IIpHMep 2.5.2. ITycTb G - a6ejieBaH rpynna, h AI - MHOJKecTBO. PaccMOTpHM 
94)eKTHBHoe npeflCTaBjieHHe rpynnti G na MHOxcecTBe M . JIjir 3a;i,aHHijix a € G, 

A G M nojiojKHM A ^ A + a. Mbi 6y^eM TaKJKe nojib30BaTbCH 3anHCbio a = AB, 
ecjiH B = A + a. Tor^a fleficTBiie rpynnti mojkho npeflCTaBHTb b BH/ie B = A + 

AB. B Ka^^ecTBe 6a3Hca npe^CTaBjienHH MoacHO BbiGpaTb MHOxecTBO TO^^ex TaKHM 
o6pa30M, HTO Ka»:/i,OH op6HTe npe^CTaBjienHH npHHafljiexHT Oflna h tojibko Oflna 
TOHKa. □ 



FjiaBE 3 



BaniHa npe^cTaBJieHHH ^^-ajireGp 

3.1. BaniHH npeflCTaBJieHHH 3^-ajire6p 

PaccMOTpHM MHOJKecTBO 5'j-ajire6p Ai, i ~ I, n. IIojio^khm A = {Ai, v4„). 

riojIOJKHM / = (/i,2, fn-l.n)- 

Onpe/i;ejieHHe 3.1.1. PaccMOipHM MHOJKecTBO 3^i-ajire6p Ai, i ~ 1, n. Mho- 
scecTBO npeflCTaBjiemiH fiA+i, * = 1, n—l, 5^i-ajire6pbi Ai b ^Ji+i-ajireGpe A^+i 
HasBiBaeTCH 6amHeii {A, f) npe/i,CTaBJieHHH 55-ajire6p. □ 

Mbi MO>KeM npoHjijiiocTpHpoBaTb onpeflejieHHe 3.1.1 c noMombio flHarpaMMbi 



/i + l,i + 2(/i,i + l(0i)(li+l)) 



(3.1.1) 




fi^i+i - npeflCTaBjieHHe 5'i-ajire6pbi Ai b 5^i-(-i-ajire6pe Ai^i. /i+i,i+2 - npeflCTaBjie- 
HHe 5^i_|-i-ajire6pbi Ai^i b g'i+2-ajire6pe Ai^2- 

TeopeMa 3.1.2. Omo6pacnceHue 

fi,i+2 ■ Ai — !■ **Ai+2 

MBAJiemcji npedcmaeAeHueM ^i-ajize6pu Ai e ^Ji+i-a^Agefipe * Ai-^.2- 

^OKASATEJTbCTBO. HpOHSBOJIBHOMy a^+l G COOTBeTCTByeT aBTOMOp- 

4)H3M /i_|_l^i_|_2(ai+l) G *Ai^2- ITpOHSBOJIbHOMy ai e Ai COOTBeTCTByeT aBTOMOp- 

4)H3M fi^i+iifli) S *Ai+i. TaK KaK o6pa30M sjiCMCHTa ai+i G ^i+i HBjiaeTCH sjie- 
MBHT (ai)(ai+i) G Ai^i, TO TCM caMbiM sjieMCHT ai G nopojKflacT npeo6- 

pasoBaHHC 3^i-|_i-ajire6pbi *Ai^2, onpe^ejieHHoe paBCHCTBOM 

(3.1.2) f^.i+2{a^){fi+l,^+2{a^+l)) = /i+l,i+2 (/j,i+l (Oj ) (a^+i )) 
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3. BauiHa npcflCTaBjicHHii ij-ajire6p 



IlycTb Lo - n-apnaa onepau,HH 5i-aJire6pbi. Tax kek - roMOMop4)H3M ^i- 

ajire6piji, to 

(3.1.3) /i^j+i(w(ai,i, ...,aj,„)) = i:j(/,;,i+i(ai,i), /,;,i+i(ai,„)) 

^jia ai, a„ £ mh onpeflejiHM onepaii,HK) cj na MHOJKecTBe **Ai-|_2 c noMomtio 

paBCHCTBa 

'^(./i,i+2(ai,l)(/i+l,j+2(aj+l))i ••■7 /i/i+2(ai,n)(/i+l,i+2(ai+l))) 

(3.1.4) = uj{fi+i^.i+2{.fi,i+i{.ai,i){ai+i)), fi+i,i+2{.Ii,i+i{ai,n){.ai+i))) 

= /i+l,i+2('^(./i,i+l(ai,l)j •■•7 (««,«)) (fii+l)) 

IlepBoe paBeHCTBO cjieflyeT h3 paBCHCTBa (3.1.2). BTopoe paBencTBO nocTyjinpoBano 

Ha OCHOBe TpeGoBaHHH, ^^TO 0T06pajKeHIie /i+l,,;+2 HBJiaeTCH rOMOMOp4)H3MOM ^i- 

ajire6pbi. CjieflOBaTejiBHO, mbi onpe^ejinjiH CTpyxTypy ^Ji-ajire6pbi na MHOJKecTBe 

** A 

Hs (3.1.4) H (3.1.3) cjieflyeT 

'^(./t.i+2(ai,i)(/j+i, 1+2(01+1)), /t,i+2(ai,„)(/i+i, 1+2(01+1))) 

(3.1.5) = /j+i,i+2(/i,i+i(w(ai,i, ...,ai,„))(ai+i)) 

= /i,j+2('^(ai,l' flj,n))(/j+l,i+2(0i+l)) 

Hs paBeHCTBa (3.1.5) cjie^yeT 

w(/i,i+2(ai,l), •.•7 /i, 4+2(04, Ti)) = /i,i+2('^(oi,l7 •••J Oj, ")) 

CjieflOBaTejiBHO, OToGpajKeuHe fi.i+2 HBjiaeTCH roMOMopcJjHSMOM 5^i-ajire6pbi. Cjie- 
;i,OBaTejii>HO, OTo6pa>KeHHe HBjiaeTCH TT^-npe/iCTaBjieHHeM 3'i-ajire6pbi Ai b 

S'i+i-ajireSpe *Ai+2. □ 

TeopeMa 3.1.3. (id, /i+i.i+2) neAsiemcfi Mop(f>u3MOM T-k-npedcmaeAeHuti ^^-aA- 
ze6pu U3 fi^,+i e fi^i+2- 

^OKASATEJibCTBO. PaccMOTpiiM 6ojiee fleTajiBHO flHarpaMMy (3.1.1). 

fi + l,i + 2 




yTBepjKfleHHe TeopeMbi cjie^yeT h3 paBCHCTBa (3.1.2) h onpeflejieHHa 2.2.2. □ 
Onpe/i;ejieHHe 3.1.4. PaccMOipHM 6amHio npeflCTaBjiCHHii 

((Al,A2,A3),(/l,2,/2,3)) 

OToSpajKCHHe /* = (/i,2,/i,3) HasBiBaeTca npe/i;cTaBJieHHeM g'l-ajireGpbi Ai 
B npeflCTaBJieHHH f2.3- □ 



3.2. Mop4>H3M 5aiiiHH T*-npc;;cTaBjicHHH 
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Onpe/i,ejieHHe 3.1.5. PaccMOTpiiM 6amHio npeflCTaBjiCHHii {A,f). OToGpajKeHHe 

/* = (/l.2, fl,n) 

HasBiBaeTCH npeflCTasjieHHeM 3^i-ajire6pbi Ai b 6amHe npe/i,CTaBJieHHH 

(Al^J) = ((^2,..., A„),(/2,3,..., /«-!,«)) 

□ 

3.2. Mop4)H3M 6amHH T*-npeflCTaBJieHHii 

Onpe/i;ejieHHe 3.2.1. PaccMOxpHM MHOJKecTBO 5^i-ajire6p Ai, Bi, i ~ 1, n. 
MnojKecTBO OToGpajKemiii (/ii, /i„) HasbmaeTca mop4)H3mom h3 6amHH T-k- 
npe/];cTaBJieHHH {A, f) b GaniHio T*-npeflCTaBJieHHH (i?,^), ecjiH fljia KajK- 
^oro i, i ~ 1, n ~ 1, napa OTo6pajKeHHH {hi,hi+i) HBjiaeTCH mop(|)H3mom T-k- 
npeflCTaBjieHHH h3 fij+i b gi^i+i- D 

J\w jiK)6oro i, i = 1, n — 1, mm HMeeM ^narpaMMy 



(3.2.1) 




PaBeHCTBa 

(3.2.2) hi+i o /i,i+i(ai) = gi^i+i{hi{ai)) o hi+i 

(3.2.3) ft.i+i(/i,i+i(ai)(a.i+i)) = g,i,i+i(/ij(a,:))(/ij+i(aj+i)) 

BbipajKaiOT KOMMyTaTHBHOCTb fluarpaMMH (1). OflHaKO y>Ke j^nsi Mop4)ii3Ma {hi, /li+i), 
i > 1, ^HarpaMMa (3.2.1) Henojina. YHHTbiBaH anajiorH^Hyio flHarpaMMy fljia Mop- 
4)H3Ma {hi, hi+i) 3Ta /i,HarpaMMa na BepxHCM ypoBne npHoSpeTaei bh;i, 



(3.2.4) 



A^+2 
/23(/l2(ai)ai+i; 



/.,.+2(a.) 



-423(gi2(ai)'ii+l(ai+i)) 



i+2 



i+2 



Ai+2 ^ Bi+2 



gi,i + 2ihi(ai)) 



/23(ai 



ff23('ii+l(ai+i)r 



ii+2 



1+2 
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3. BauiHa npcflCTaBjicHHii ij-ajire6p 



K coacajieHHio, fliiarpaMMa (3.2.4) MajiOHHcJjopMaTHBHa. OneBiiflHO, hto cymecTsy- 

eT MOp4)H3M H3 *Ai-|_2 B * Bi^2, 0T06pa}KaiOIII,Hii fi^i+2{o,i) B gi,i+2{hi{ai)) . 0;i,HaKO 

CTpyKTypa SToro Mop4)H3Ma H3 flHarpaMMbi HeacHa. Mbi flOjiJKHbi paccMOTpeTB 
OTo6pa>KeHHe ii3 *Ai+2 b * Bij^2, TaK jKe mh sto cflejiajiH b leopeMe 3.1.3. 

TeopeMa 3.2.2. Ecau Ti^-npedcmaeneHusi fi+i.i+2 scfjcfieKmueHO, mo {hi,*hi+2) 
MBMJiemcM Mop(f}U3MOM T*-npedcma6AeHuu U3 T-k-npedcmaeACHUJi fiA+2 e T-k-nped- 
cmaeACHue gi^i+2 ^i-aAze6pu. 



^OKASATEJibCTBO. PaccMOTpHM flHarpaMMy 




CymecTBOBaHHe OTo6pajKeHHa */ii+2 h KOMMyTaTHBHOCTb ;i,HarpaMM (2) h (3) cjie- 
flycT H3 seJxJjeKTHBHOCTH OTo6pajKeHHa /i^_i^i+2 H TeopeMbi 2.2.6. KoMMyTaTHB- 
HOCTb fliiarpaMM (4) ii (5) cjie/i,yeT ii3 TeopeMbi 3.1.3. 
H3 KOMMyTaTHBHOCTH ;i,HarpaMMbi (4) cjieflyeT 

(3.2.5) /i+i_i+2 ° fi,i+l{a.i) = fi,i+2{o,i) ° fi+l,i+2 

H3 paBeHCTBa (3.2.5) cjie^yeT 

(3.2.6) *h.,+2 o /i+i,i+2 o /i,j+i(a,;) = */ii+2 o /i,i+2(ai) o /i+i,i+2 
Hs KOMMyTaTHBHOCTH ;i,HarpaMMbi (3) cjie^yeT 

(3.2.7) *hi+2 ° fi+l,i+2 = 3i+l.i+2 ° ^li+l 

Hs paBencTBa (3.2.7) cjie^yeT 

(3.2.8) *ft.i+2 O fi+l,i+2 O fi,i+l{ai) = gi+l,i+2 ° hi+i O Ji ij^i[ai) 

H3 paBencTB (3.2.6) h (3.2.8) cjie^yeT 

(3.2.9) *hi+2 o fi,i+2{ai) o /i+i,i+2 = .gi+i,i+2 o /Ji+i o /i,j+i(aj) 
H3 KOMMyTaTHBHOCTH ;i,narpaMMbi (5) cjie^ycT 

(3.2.10) 9i+i,i+2° gi.i+i{hi{ai)) = gi,i+2(/i.j(aO) ° 5»+i,i+2 
H3 paBCHCTBa (3.2.10) cjie^ycT 

(3.2.11) gi+i,i+2 ° gi,i+i{hi{ai)) o hi+i = gi^i+2{hi{ai)) o gi+1^1+2 o ^i+i 
H3 KOMMyTaTHBHOCTH ;i,HarpaMMbi (2) cjie^yeT 

(3.2.12) *hi+2 ° fi+l,i+2 ~ gi+i,i+2 ° hi+i 



3.2. Mop4>H3M 5aiiiHH T*-npc;;cTaBjicHHH 
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Ha paseHCTBa (3.2.12) cjie^yeT 

(3.2.13) giA+2ihi{a.i)) o *hi+2 ° fi+iA+2 = gi,t+2{hi{ai)) o gi+i^i+2 ° hi+i 
Ha paseHCTB (3.2.11) h (3.2.13) cjieflycT 

(3.2.14) gi+i,i+2 o gi,i+i{hi{ai)) o hi+i = gi.i+2{hi{ai)) o *hi+2 o fi+i.i+2 

BneinHHa; fluarpaMMa HBjiaeTCH flHarpaMMOii (3.2.1) npH i ~ I. Cjie;];oBaTejii>- 
HO, BHeniHJia /i,HarpaMMa KOMMyTaTHBHa 

(3.2.15) hi+i o f^A+iiai) = gi,i+i{hi{ai)) o hi+i{ai+i) 
Ha paBCHCTBa (3.2.15) cjie^yeT 

(3.2.16) 3i+i,i+2 o hi+i ° /i,i+i(ai) = gi+i,i+2 ° gi,i+i{K{ai)) o h^+i 
Ha paBencTB (3.2.9), (3.2.14) h (3.2.16) cjieflyei 

(3.2.17) *h.i+2 o fi,i+2{ai) o fi+i^i+2 = gi,i+2{hi{a.i)) o *hi+2 o fi+i,i+2 
TaK KaK OTo6pajKeHHe /i+i,i+2 - HHteKi^iiH, to iia paBencTBa (3.2.17) cjie^yeT 

(3.2.18) *hi+2 ° fi,i+2{ai) = gi.i+2{hi{ai)) o *hi+2 

Ha paBCHCTBa (3.2.18) cjie^yeT KOMMyTaTHBHOCTB ;];iiarpaMMBi (1), OTKy^a cjie^yeT 
yTBepjKfleHiie TeopeMbi. □ 

TeopeMbi 3.1.3 h 3.2.2 cnpaBefljiHBbi ^jih jhoGbix ypoBHeii 6amHH r*-npeflCTaB- 
jieHHH. B KajKflOM KOHKpeTHOM cjiyH:ae na^o npaBHjiBHO yKaabiBaTb MHOJKecTBa, 
OTKy^a H Kyfla nanpaBjieHHO OTo6pajKeHHe. Cmbicji npHBe;i,eHHijix TeopcM coctoht 
B TOM, HTO Bce OTo6pa>KeHHH B 6amHe npeflCTaBjienHft fleftcTByiOT corjiacoBano. 

TeopeMa 3.2.2 yTBepjKflacT, ^^to HenaBecTHoe OToGpasKeHHe na ^HarpaMMe (3.2.4) 

HBJiaeTCH OToSpajKCHHeM *hi^2- 

TeopeMa 3.2.3. PaccMompuM MHoofcecmeo ^i-aAse6p Ai, Bi, d, i = 1, n. 
Ylycmt) onpedeACHU MopcfjusMU 6amHU npedcmaeneHuu 

p:(Aj)^(B,g) 

q:(B,g)^(C,h) 

Tozda onpedeABH MopcpuaM npedcmaeAeHuu ^-aAze6pu 

zde rk ~ qkPk, k = 1, n. Mu 6ydeM naaueamb MopcjjusM r 6amHU npedcmae- 
ACHuu U3 f e h npoH3BefleHHeM mop4)H3mob p aq 6amHH npeflCTaBJieHHH. 
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3. BauiHa npcflCTaBjieHHH ij-ajire6p 



^OKASATEJTbCTBO. Jl^Jiii KajK^oro k, k = 2, n, Mbi MO»ceM npe^CTaBHTb 
yTBepjKfleHiie TeopeMbi, nojibsyacb fluarpaMMOii 



ak-i 




OToGpaHceHHe r^^i aBjiaeTCH roMOMopcjDHSMOM ^J^.i-ajireGpti v4fe_i b Jffe_i-ajire6- 
py Ck-i- HaM Ha^o noKasaTb, hto napa OTo6pa}KeHHH (rfe_i,rfe) y;i,OBjieTBopa:eT 
(3.2.2): 

rk{fk~i,k{ak^i)ak) = qkPk{fk-i,k{ak-i)ak) 

= qk{gk^i,k{Pk-i{ak-i))Pk{ak)) 
= hk^\.k{qk-\Vk-\{ak-i))qkVk{ak)) 
= hk~i^k{r{ak-i))rk{ak) 



□ 



3.3. 3HflOMop4)H3M 6amHH npe/i,CTaBJieHHH 



Onpe/i;ejieHHe 3.3.1. IlycTb {A, f) 6amHH npeflCTaBjienHfi 5-ajire6p. Mop4)H3M 
6amHii npeflCTaBjieHHH ft,„) TaKOii, ^^to pjia jiio6oro fc, k — 1, .... n, hk 

- 3HflOMop4)H3M 3^fc-ajire6pbi Ak, naabiBaeTCH 3HflOMopcJ)H3MOM 6amHH npe/i;- 
CTaBJieHHii /. □ 

Onpe/i,ejieHHe 3.3.2. IlycTb {A, f) 6amHH npe^CTaBjieHHii 5J-ajire6p. Mop4)H3M 
6amHii npeflCTaBjieHHH ft,„) TaKOii, ^^to pjisi jiio6oro fc, k — 1, n, hk 

- aBTOMop4)H3M 5'fe-ajire6piji Ak, Ha3biBaeTca: aBTOMop4)H3MOM 6amHH npe/i;- 

CTaBJieHHH /. □ 

TeopeMa 3.3.3. Uycnib {A, f) 6amHsi npedcmaeAeHuu^-aAze6p. MuocHcecmeo ae- 
moMop(fiu3M06 npedcmaeAeHUH f nopoMcdaem Ayny:'"'^ 

^OKASATEJibCTBO. IlycTb r, p - aBTOMop4)H3Mbi 6amHii npeflCTasjieHHii /. 
CorjiacHO onpe/^ejiemiio 3.3.2 ^jih jiio6oro fc, k = 1, n, OTo6pa>KeHHH r^, pk 
HBjiHiOTCH aBTOMop4)H3MaMH 5^fe-ajire6pbi Ak- CorjiacHO TeopeMe II. 3. 2 ([12], c. 60) 
fljisi jiio6oro fc, k = 1, n, OToSpajKeHHC rkPk HBjiaeTCH aBTOMop4)H3MOM ^5^- 
ajire6pbi Ak- VLs TeopeMbi 3.2.3 h onpeflejieHHH 3.3.2 cjieflyeT, hto npoH3BefleHHe 



■^'^OnpeflejieHHe jiynti npHBefleHHO b [6], c. 24, [5], c. 39. 



3.4. BasHC 6aiiiHH npcflCTaBjicHHH 
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aBTOMopcj3H3MOB Tp 6amHH npe/i,CTaBjieHHH / HBjiaeTCH aBTOMopcJjHSMOM GaniHH 
npeflCTaBjieHHii /. 

IlycTb f - aBTOMop4)H3M 6amHH npeflCTaBjieHiiii /. CorjiacHO onpe;i,ejieHHK) 
3.3.2 fljia jiio6oro i, i — 1^ n, OTo6pa>KeHiie HBjiaeTCH aBTOMopcJjHSMOM ^i-an- 
re6pi>i Ai. Cjie/i,OBaTejibHO, ^jih jiio6oro i, i ~ 1. n, OTo6pa>KeHHe r^^ sBjiaeTCH 
aBTOMop4)H3MOM 3^i-ajire6pi>i Aik. JXjih aBTOMopcJjiiSMa r cnpaBefljiHBO paseHCTBO 
(3.2.3). IlojiojKHM a'^ = ri{ai), « = 1, n. TaK Kax r^, i = 1, n, - aBTOMopcjDHSM, 
TO Ui = rj~^(aQ H paseHCTBO (3.2.3) mo>kho saniicaTb b BHfle 

(3.3.1) /ij+i(/»,,+i(/77^(a-))(/ii+i(a;+i))) = gu+i{a'i){a'^^^) 

TaK KaK OTo6pa}KeHHe /i^+i aBjiaeTca aBTOMopcJjiiSMOM 5^i+i-ajire6pi>i Ai^i, to ii3 
paBBHCTBa (3.3.1) cjie^yeT 

(3.3.2) f,,,+,{hr\a'^{h.+M+i))) = V+i(5^,.+iK)K+i)) 

PaBeHCTBO (3.3.2) cooTBeTCTByeT paBencTBy (3.2.3) fljiH OTo6pa}KeHHH f ^ ^ . Cjie^o- 
BaTejibHO, OToSpajKCHiie HBjiaeTCH aBTOMopcjaiiSMOM npe;i,CTaBjieHiiH /. □ 

3.4. BasHC GaniHH npe/i,CTaBJieHHH 

Onpe/i;ejieHHe 3.4.1. Bamna T^-npeflCTaBjieHiiii (A, /). nasbiBaeTCH acJjcJjeKTHB- 
Hoii, ecjiH fljiH jiio6oro i npe/i,CTaBjieHHe fi,i+i scJxJ^eKTiiBHO. □ 

TeopeMa 3.4.2. PaccMompuM BaiuHw T-k-npedcmaeAeHuu {A,f). Uycmt) nped- 
cmaeACHUJi fi^i+i, fi+k~i.i+k 3(f)(f)eKmueHU. Tozda npedcmaeneHue fi^i+k sffi- 
(pcKmueHO. 

^OKASATEJibCTBO. Mbi flOKajKCM yTBcpjKfleHHe TeopeMbi no HHflyKii,HH. 

IlycTb npeflCTaBjieniiH fi.i+i, fi+i.i+2 stJxJ^eKTHBHbi. npe;i,nojiO}KHM, hto npe- 
o6pa30BaHHe fi,i+i (ai) ne hbjihctch TO}K/],ecTBeHHbiM npeoGpasoBaHHCM. Torfla cy- 
mecTByeT a.i-i-i S ^i+i TaKoft, hto /i,i+i(aj)(^i+i) o-i+i- TaK xaK npeflCTaBjiemie 
fi+i,i+2 34)4)eKTHBH0, TO npeo6pa30BaHHH fi+i,i+2{ai+i) h fi+i^^+2ifi,i+i{at)iat+i)) 
He coBnaflaiOT. CorjiacHO nocTpoennK), BbinojiHCHHOMy b TCopeMe 3.1.2, npeo6pa30- 
BaHHe /i,i+2(ai) ne HBjiHeTCH TOJKflecTBeHHbiM npeo6pa30BaHHeM. CjieflOBaTejibHO, 
npeflCTaBjiCHHe /i,i+2 scJxJjeKTHBHO. 

IIpeflnojiojKHM yTBepjKfleHHC TeopeMbi Bepno pjia k — l npeflCTaBjieHHii h nycTb 
fi^i+i, fi+k-i,i+k scJxJ^eKTiiBHbi. CorjiacHO npeflnojiojKeHHK) HHflyKii,HH, npe;;- 
CTaBjieHHH fi+k-i,i+k stJxJ^eKTiiBHbi. CorjiacHO flOKa3aHHOMy Bbime, npe/i,- 

CTaBJieHHe fiS+k 3<t>45eKTHBHO. □ 

Mbi CTpoHM 6a3HC npeflCTaBjieHiiH 6ainHH npe;i,CTaBjieHHH no toh >Ke cxeMe, 
HTO Mbi nocTpoHjiH 6a3HC npeflCTaBjienHH b ceKii,HH 2.4. 

Mbi 6yfleM 3anHCbiBaTb ajieMCHTbi 6ainHH npeflCTaBjienHlt (^[i], /) b BH/i,e Kop- 
TejKa (a2, ...,a„), r^e Oi € Ai, i = 2, n. 3Ty 3anHCb mojkho HHTepnpeTnpoBaTb 
KaK 

(a2,a3) = /2,3(a2)(a3) 
B TO>Ke BpeMH 3Ta sanHCb HMeeT /^onojiHHTejibHbiii cmhcji. HanpnMep, b acJxJjHHHOM 
npocTpancTBe 03 - sto TO^iKa npocTpancTBa, a2 - BeKTop, onpeflejiHiomiiii npeo6pa- 
30BaHHe napajijiejibHoro nepenoca. TaKHM o6pa30M, mm mojkcm iiHTepnpeTnpoBaTb 
KopTejK (02,03) J11160 KaK BCKTop 02 c Ha^ajiOM B TO^iKe 03, J11160 KaK Konen; SToro 
BeKTopa. 
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Onpe/i,ejieHHe 3.4.3. IlycTb {A, /) - 6amHH npe/i,CTaBjieHiiH. KopieiK MHOJKecTB 

^[1] = iN2 C A2,...,N„ C An) 

HasbiBacTca KopTexceM CTa6HJiijHtix MHo:»<;ecTB 6amHH npe/i;cTaBJieHHH /, 

ecjiH 

fi-i.i{ai-i)iai) e N., i = 2,...,n 
fljiH jiio6ijIx oi E Ai, a2 G N2, an G -/V„. Mbi xaKJKe GyflCM roBopHTb, hto 

KOpTCJK MHOJKeCTB 

iV[i] = (A^a C A2,...,iV„ C An) 
CTa6HjieH OTHOCiiTejiBHO 6amHH npeflCTaBjieHHii /. □ 

TeopeMa 3.4.4. Uycmb f - 6amHJi npedcmaoAeHuu. Uycmt) MHoatcecmeo Ni C Ai 
sienfiemcsi nodaAze6pou ^i-ame6pu Ai, i = 2, n. nycmt KopmeoK. MHOoKecme 

iV[i] = {N2 C A2,...,Nn C An) 

cma6uMeH omHocumeAtHO 6amHU npedcmaeAeHuu f. Tozda cymecmeyem 6amHM 
npedcmaeAeHuu 

(3.4.1) ((Ai, iV„), (M,l,2, fN„,n-l,n)) 

maKasi, umo 

/jVi,i-i,i(ai-i) = /i-i,i(ai-i)|N, i 2, ...,n 
BaiuHM npedcmaeAeHuu (3.4.1) naaueaemcji 6amHeft noflnpe/i;cTaBJieHHH. 

^OKASATEJTbCTBO. IlycTb uJi^i.i - m-apnaa onepaD;iiH 5i_i-ajire6pi,i Ai^i, 
2 = 2, .... n. Tor;i,a fljiH jiio6i>ix ai_i^i, ai_i^„i S Ni_i ^ h jiio6oro e A^i 

Wi-l,l(/Ari,i-l, ;(«;_!, 1), /tV; (^1- l,m ) ) (^i ) 

=Wi_i,i(/i-i,i(ai-i,i), /i-i,i(ai-i,,n))(ai) 
=/j-i,i(wi-i,i(ai_i^i, ai-i^m)){ai) 

=fNi,i-l,i{'^i~l,l{ai-l.l, ai-l,m))(ai) 

IlycTb u)i,2 - m-apHaa onepan,Hs 5i-ajire6piji Ai, i ~ 2, n. Tor^a fljia jiK)6bix 
Ci^i, Oi.n G A'^i II jiio6oro a^-i G iVi-i 

'^i,2(/iVi,i-i,i(ai-i)(ai4), /Afi,i-i,i(ai-i)(ai,m)) 

=Wi,2(/i-l.i(ai-l)(ai,l)j ...7 /i-l,i(li-l)(ai,m)) 
=/i-l,i(ai-l)(Wi, 2(04,1, flj.m)) 
=/Ari,i-l,i(ai-l)(^i, 2(01,1, Oi^m)) 

yTBepjK,i];eHHe TeopeMbi flOKasano. □ 

H3 TeopeMbi 3.4.4 cjie^yeT, hto ecjiii OTo6pa>KeHiie {fN2.i,2, /iv„,i,n) - 6ani- 
HH noflnpeflCTaBjieHHii 6aniHii npeflCTaBjieHHii /. to OToSpajKeniie 

{id : Ai Ai,id2 : ^2 ^ ^2, idn ■ Nn An) 
HBjiaeTCH Mop(|)ii3MOM SaniCH npeflCTaBjieHiiii. 

•^■^IIOJIOJKHM Nl = Al. 



3.4. BasHC 6aiiiHH npcflCTaBjicHHH 
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TeopeMa 3.4.5. MHOJKecmeo'^ '^ Bj ecex 6ameH nodnpedcmaejieHuii 6amHU nped- 
cmaeACHUu f , nopocHcdaem cucmeMy aaMUKaHuu na 6amHe npedcmaeAeHuu f u, 
CAedoeameAbHO, nejisiemcfi noAHOu cmpyKmypou. 

^OKASATEJlbCTBO. IlycTb fl,ji5i ^aHHoro A G A, Kx_i, « = 2, n, - noflaji- 
re6pa ^Ji-ajire6pi>i Ai, CTaGnjibHaa: OTHOCHTCjibHO npeflCTaBjiennH fi-i^i- Onepaii,HK) 
nepeceneHHa na MHOJKecTBe Bj mm onpeflejiHM corjiacHO npaBHjiy 

C\K\^i - noflajire6pa 5'i-ajire6pbi Ai. IlycTb a.i G nATA^^. J\w jiioSoro A £ A ii fljia: 
jiK)6oro ai_i S A'i_i, 

/i-i,i(ai_i)(ai) e ATA.i 

C jieflOBaTCjibHO , 

/i-i.j(ai-i)(aj:) G -^^i 

IIoBTopHH npHBeflCHHoe nocTpoemie b nopa^Ke BOspacTamiH i, i = 2, .... n, mm 

BHflllM, HTO (A'l, A'„) - KOpTCJK CTa6HJIIjHMX MHOJKeCTB 6ainHn npeflCTaBJieHHH 

/. CjieflOBaTejiBHO, onepaii,Ha: nepeceHeHHH Gainen no/i,npe;],CTaBjieHHH onpeflejiena 

KOppeKTHO. □ 

06o3HaHHM cooTBCTCTByiomHH onepaTop saMBiKaHiia nepes ./(/). Ecjih mm 

0603HaTIHM Hepe3 XjiJ KOpTCJK MHOJKeCTB {X2 C A2, ■■■,Xn C An) TO J(/, Xji]) 

HBjiaeTCH nepece^ieHHCM Bcex KopTejKeit (ATi, Ar„), CTa6HjiijHijix OTHOCHTejibHO 
npeflCTaBjieHHH / h laKHx, hto ^jih i ~ 2, n, Ki - noflajire6pa 3^i-ajire6pbi Ai^ 
coflepjKamaH X,.'^'^ 

TeopeMa 3.4.6. Uycmb^'^ f - 6amHM npedcmaeAeHuu. Uycmb Xi C Ai, i ~ 2, 

n. UoAocficuM Yi = Ai. IIocAedoeameAbHO yeeAuuueasi anaHenue i, i = 2, 
n, onpedcAUM nodMHOofcecmea Xi^m C Ai UHdyKV,ueu no m. 

Xifi ~ Xi 

X G Xi,m X e Xi_rn+1 

Xl e Xi^rri, --^Xp £ Xi,,„,ILJ G dt{p) => ...,Xp) G X^^^+i 

Xi G Xi^m,2;,_i G Ki_i => G Xj^^+i 

/(AH KaatcdoBO SHaneHUH i uoaookum 



Y,^\j X, 

Tozda 



m=0 



r = (ri,...,r„) = ,/(/, 



■^■"^Sto onpe^ejieHHe aHajiorHMHO onpeflejieHHio CTpyKTypbi noflajireSp ([12], CTp. 93, 94) 
^''^ripH n = 2, J2(/l,2,^2) = Jfi 2(^2)- Bbijio 6bi npome Hcnojib30BaTb e^HHHbie o6o3HaMeHHfl: 

B paaAeJiax 2.4 h 3.4. O^HaKO HcnojibsOBanHe BeKTopHbix o6o3HaHeHHH b pas^ejie 2.4 mhc Ka::*ceTC5i 

HecBoeBpeMeHHbiM. 

■ TBep^K^eHHe TeopeMbi anajiorHnHO yTBep»;^eHHio TeopeMbi 5.1, [12], CTp. 94. 
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3. BaiiiHa npcflCTaBjieHHH ij-ajire6p 



^OKASATEJTbCTBO. fljia KayKflpTO SHaneHiiH i /jOKasaTejibCTBO TeopcMbi cob- 
naflaeT c flOKasaTejibCTBOM TeopeMbi 2.4.4. TaK KaK ^jih onpe/i,ejieHHa ycTOiiHiiBoro 
noflMHOJKecTBa 5^i-ajire6piji Ai nac HHTcpecyeT tojibko HCKOTopoe ycToiiHHBoe no/i,- 
MHOJKecTBO 3^i_i-ajire6piji mbi flOjiJKHbi cnepBa naiiTH ycTOHHHBoe noflMHO- 

>KecTBO S'i-i-ajireGpbi Ai^i. □ 

J{f,X[i]) HasbmaeTca 6amHeH no^npe^cTaBJieHHH 6amHH npe^cTas- 
jieHHH /, nopo>K;];eHHoii KopTe>KeM MHO>KecTB ^[i], a X^ij - KopTe>KeM 
MHOJKecTB o6pa3yK)ii];HX 6amHH no/],npe^cTaBJieHHH J(/, B nacTHO- 

CTH, KopTe>K MHOJKecTB o6pa3yioiii;HX 6amHH npe^cTaBJieHHii / Gy^ei TaKoii 

KOpTCJK {X2 C A2,...,Xn C An) , HTO J(/,X[i]) = A. 

Onpe/i;ejieHHe 3.4.7. IlycTb {X2 C A2, ...,X„ C A„) - KopTCJK MHOJKecTB o6pa- 
syromiix 6amHii npeflCTaBjiCHHii /. IlycTb OTo6pa>KeHHe h HBjisieTCH 3HflOMop4)H3- 

MOM SaniHH npeflCTaBJICHHH /. IlyCTb KOpTe>K MHOJKeCTB Xjj^j = HBJiaeT- 

CH oSpaaoM KopTejKa MHOJKecTB X^^j npn OTo6pa»:eHiiH h. 3h/i,omop4)ii3m h 6am- 
HH npeflCTaBjiCHHii / nasbiBaeTCH HeBbipo>KfleHHBiM Ha Kopxexce mho^kgctb 

oGpaSyiOmHX -'^'[l], eCJIH KOpTejK MHOJKeCTB X'^^ HBJIHCTCH KOpTejKCM MHOJKecTB 

o6pa3yK)miix 6ainHH npeflCTaBjieHHii /. B npoTiiBHOM cjiynae, 3HflOMop4)H3M h na- 
3MBaeTca Bi>ipo:»c/i;eHHi>iM Ha KopTexce MHOJKecTB oGpasyromnx ^[1], □ 

Onpe/i;ejieHHe 3.4.8. 3HflOMop4)H3M 6amHH npeflCTaBjiCHHii / Ha3BiBaeTCJi neBBi- 
po^/i;eHHi>iM, ecjiH oh HeBbipojKflen na jiio6om KopxesKe MHOJKecTB o6pa3yiomHx. 

□ 

Heipy^HO BHfleTb, hto onpeflejienHe KopTCJKa MHOJKecTB o6pa3yiomHx 6ain- 
HH npeflCTaBjieHHH ne 3aBHCHT ot Toro, seJjcJjeKTHBHa 6amHH npeflCTaBjienHfi hjih 
HeT. HosTOMy b ;i,ajibHeHineM mbi 6y;i,eM npeflnojiaraTb, ^^to 6ainHH npeflCTaBjienHft 
3(J)4)eKTHBHa H 6yfleM onHpaTbCH na corjiaineHiie fljia scJxJjeKTiiBHoro r*-npeflCTaB- 
jieHHH B 3aMeHaHHH 2.1.9. 

H3 TeopeMbi 3.4.6 cjie^yeT cjie^yiomee onpe^ejieHHe. 

Onpe/i;e.neHHe 3.4.9. IlycTb {X2 C A2,...,Xn C An) - KopTesc MHOJKecTB. 
^jia jiioSoro KopTejKa sjieMenTOB a, a € J(/,X[i]), cymecTByeT KopTejK ^J-cjiob, 
onpe;i,ejieHHbix corjiacHO cjieflyiomeMy npaenjiy. 

(1) EcjiH ai € Ai, TO oi - 5^1-cjiOBO. 

(2) EcjiH Qi S Xi, i — 2, .... n, to - ^Ji-cjiOBO. 

(3) EcjiH ai,i, ai,p - g^^-cjiOBa, i = 2, n, 11 uj e Siip), to ai^i...a,^pUj - 5'^- 

CJIOBO. 

(4) EcjiH ai - S'i-cjiOBO, i = 2, 3, h Oi-i - 5'i-i-cjiOBO, to ai-iai - g^^-cjiOBO. 
KopxejK iJ-cjiOB 

w(a,7, Xfi]) ^ (wi(ai,7,X[i]),...,w;„(a„,7,X[i])) 
npeflCTaBjiHiomHH flanHbiii ajieMetiT a G J(/, nasbiBaeTCii KopTe»ceM ko- 

Op/i;HHaT SJieMBHTa a OTHOCHTejItHO KOpTe>Ka MHO»CeCTB ^[1]. 06o3HaHHM 

W{f ^ Xyl\) MHO>KecTBO KopTejKefi KOop;:i,HHaT 6amHH npe^cTaBjieHHii J(/, X^ 

□ 
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HpeflCTaBjieHHe ai G At b BHfle ^J^-cjiOBa HeoflHOsnaiHO. Ecjih Oi^i, a^.p - 5;- 
cjiOBa, uj e diip) H fli-i e TO ^.j-cjiOBa a.i_iaj,i...ai,pi:j ii aj_iai,i...ai_iai,pa; 

onncBiBaiOT o^hh h tot me sjieMeHT 5^i-ajire6pi>i Ai. Bosmojkhh paBencTBa, cbh- 
saHHbie CO cnen,H4)HK0H npeflCTaBjieHHH. HanpuMep, ecjiH co HBjiaeTCH onepai^nefi 
5'i_i-ajire6pi>i ii onepai^iiefi 3^i-ajire6pbi A;, to mm mojkcm noTpeSoBaTb, hto 
S'i-cjiOBa ai^i^i.-.tti-i^pLoai ii ai-i^iai-.-ai-i^paiCd onHCbiBaiOT oflHH h tot jkc sjie- 
MeHT 5Ji-ajire6pbi Ai. IlepeHHCjieHHbie Bbiine paBCHCTBa ^jih KajK^oro SHaneHHa i, 
i = 2, n, onpcflejiHiOT OTHOineHiie SKBHBajieHTHOCTH na MHOJKecTBe ^Ji-cjiOB 
Wi{f, Xj]^]).CorjiacHO nocTpoeHHm, OTHomeuHe SKBHBajieHTHOCTH na MHOJKecTBe 

5i-CJI0B Wi{f, ^[1]) SaBHCIIT He TOJIBKO OT BI>l6opa MHOJKeCTBa Xi, HO H OT Biji6opa 
MHO>KeCTBa Xi^l. 

TeopeMa 3.4.10. SndoMopcpuaM r Bamnu npedcmaeAenuu f nopoatcdaem omo6- 
pacHceHue Koopdunam 

w(f, r, ) : W(7, ) ^ W(7, X[,^ ) C = r[i] ) 

maKoe, umo Bam Am6ozo i, i — 2, n, 

(1) iJcyiM Oi G Xi, o!^ = ri{ai), mo 

Wi(f,r,X[i]){ai) = a- 

(2) EcAu 

ai,i, ■■■,ai^n e VKi(/,X[i]) 
a^,!^ w(J,r,X^-^){ai,i) ... a'ip = w(f,r,X^■^){a^.p) 
mo Saji onepaVjUu co £ ^i (p) cnpaeedAueo 

Wi{f,r,X[i]){ai,i...ai,pUj) = a-_i...a-_pW 

(3) EcAu 

a, e (7, )_ a[ = (7, r, X[^ ){a,) 

a^-l G Wi_i(/,X[i]) a^_i = u;,_i(/,r,X[i])(aj_i) 

mo 

'«i(/,f',-''^[i])(ai-iai) = a-_ia- 



flOKASATEJibCTBO. yTBepjKfleHHH (1) , (2) TeopcMbi cnpaBefljiHBbi b CHjiy onpe- 
AejieHHH 3HflOMop(|)H3Ma hi. YTBepiKfleHHe (3) TeopcMbi cjie^yeT h3 paBcncTBa 
(3.2.3). □ 

TeopeMa 3.4.11. Uycmb f 6amHJi npedcmaeAenuu. Uycmt omo6pa3tceHue 

n-.Ai^ Ai 

aeAHemcM, andoMop^usMOM ^i-aA8e6pu Ai. ffAsi sadannux Mnoatcecme Xi C Ai, 
X[ C Ai, i = 2, n, nycmt omo6pa3tceHue 

Ri : Xi — > X'i 

coBAacoeano co cmpyKmypoti ^i-aA8e6pu Ai , m. e. Bam dannou onepau^uuLO G ^i{p), 
ecAU 



42 



3. BaiiiHa npcflCTaBjicHHii ij-ajire6p 



mo 

Ri{xis---Xi.pLo) = Ri{xis)---Ri{xi^p)u} 
PaccMompuM omo6pamceHue Koopdunam 

uJ(7,(ri,i?2,...,i?„),X[i]) :Tr(7,X[i]) ^Tr(7,X{i]) 

ydoBAemeopjiKi'Luee ycAoeuMM (1), (2), (3) meopcMU 3.4-10. /Jasi Kaotcdozo i, i = 2, 
n, cymecmeyem 9HdoMop(pu,3M 

onpedeAeHHUu npaeuAOM 

(3.4.2) r,(a,) = Wj(7, (ri, i?2, ^[i])(w.i(ai,7, 

u omo6paoiceHue r jieMJiemcM MopcfjusMOM 6ameH npedcmaeAHCHUu J(/,X[]^]) u 

^OKASATEJlbCTBO. IIpH n ~ 1 SaniHH npeACTaBjieHHH / HBjiHeTca npe;i,CTaB- 
jieHHeM 5^i-ajire6pbi Ai b ^2-8^JiTe6pe A2. YTBepiKfleHHe TeopeMbi HBjiJieTCH cjiefl- 
CTBHCM TeopeMbi 2.4.9. 

IlycTb yTBepsKflCHHe TeopeMbi Bepno fljiH n — 1. OGosHaneHHsi b TeopeMe ne 
MeHHiOTCH npH nepexofle ot oflHoro ypoBHH k ^pyroMy, Tax KaK cjiobo b 5^„_i-aji- 
re6pe An-i ne sasHCHT ot cjiOBa b 5^„-ajire6pe An. Mbi 6y^eM flOKasbiBaTb TeopeMy 
HH^yKi^Hefi no cjiojkhocth 5^„-cjiOBa. 

EcjiH z/;„(a„, /, = a„, to a„ G Xn. Corjiacno ycjiOBHK) (1) TeopeMbi 

3.4.10, 

r„(a„) = Wnif, (ri,i?2, i?„), X[i])(w„(a„, /, 
= w„(/, (ri,i?2, ...,i?„),X[i])(a„) 

= -Rn(a„) 

CjieflOBaTejiBHO, na MHOJKecTBe X„ OToSpajKenHH r„ h i?„ coBna^aiOT, 11 OTo6pa- 
jKeHHe r„ corjiacoBano co CTpyKTypoii iJ„-ajire6pbi. 

nycTb w e 5n (p) . IlycTb npeflnojioJKeHHe HHflyKLi,HH Bepno /i;jia 

an,l, ...,an,p £ Jn(/, 

riycTb 

Wn,l = ^"("^n,!: /) ^[1]) •■• Wn,p = Wn{an,p, f, X[i]) 

EcjIH 

— ^n,l...^n,p^ 

TO corjiacHO ycjiOBHK) (3) onpeflejienHH 3.4.9, 

Wn{an, f,X[i]) = Wn,l...Wn,pi^ 

CorjiacHO ycjiOBHio (2) TeopeMbi 3.4.10, 
r„(a„) = w„{f, (ri,i?2, X[i])(w„(a„, /, 

= w„(/, (ri,i?2, ...,i?„),X[i])(w„,i...w„,pa;) 

= Wn(/, (fl,-R2, ...,Rn),X[i]){Wn,i)...Wnif, (ri,i?2, . . . , , ) ( W„^p) W 

= ?'n(a„4)...r„(a„,p)i:j 
Cjie^OBaTejibHO, OTo6pa»ceHHe r„ aBjiaeTCH 3h^omop4)ii3mom 5'„-ajire6pbi An. 
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IlycTb npeflnojiojKeHHe HHflyKLi,HH Bepno f^jisi 

a„ G J„(/,X[i])_ Wn{an, f,X[^)^ Wn 

ttn-l e J„-l(/,X[i]) U;„_i(a„_i,/,X[i]) =Wn-l 

CorjiacHO ycjiOBnio (4) onpeflejiemia 3.4.9, 

CorjiacHO ycjiOBHKi (3) TeopeMbi 3.4.10, 
r„(a„_ia„) = {ri,R2, i?„), X[i])(w„(a„_ia„, /, 

= WnUi {ri,R2, ...,i?„),X[i])(w„„i-u;„) 

= W„-l{f, (ri, i?2, Rn),X[i]){Wn-l)Wnif, (^l, i?2, Rn),X[^){Wn) 

= r„_i(a„_i)r„(a„) 

Ha paeeHCTBa (3.2.3) cjieflycT, hto OToGpajKCHHe r aejiHeTca mop4)H3mom GaniHH 
npeflCTaejieHHii /. □ 

TeopeMa 3.4.12. AemoMopcpuaM r 6amHU npedcmaeAeHuH f sienfiemcsi neeu- 

pOJfcdeHHUM 3Hd0M0p<jju3M0M. 

flOKASATEJibCTBO. IlycTb - KopTejK MHO>KecTB o6pa3yioiii,Hx 6amHH npe^- 
CTaBjieHHii /. IlycTb X'^^-^ = r[i](X[i]). 

CorjiacHO TeopeMe 3.4.10 3HflOMop{J)H3M f nopojKflaeT OTo6pa}KeHHe KOopflHuaT 

w^(7,^^[i])- _ _ 

nycTb a! S A. TaK KaK f - aBTOMopcJjHSM, to cymecTByeT a G A, r(a) = a'. 
CorjiacHO onpeflejienHio 3.4.9 w{a, X^i]) - KOop/i,HHaTbi a OTHOCHTejitHO KopTexca 
MHOJKecTB o6pa3yioiii,Hx CorjiacHO TeopeMe 3.4.11, 

w{a\X[^-^) = uJ(7,r,X[i])(w(a,X[i])) 

KOOpflHHaTbl a! OTHOCIITejIBHO KOpTeMCa MHOJKeCTB X'^^ . CjieflOBaTejIBHO, X'^Y\ ~ 

MHOJKecTBO o6pa3yK)iii;Hx npe/i,CTaBjieHHa /. CorjiacHO onpeflejienHro 3.4.8, aBTO- 

MOp43H3M r - HeBBipOJKfleH. □ 

EcjiH KopTejK MHOMcecTB X\^i^ HBjiaeTCH KopTejKeM MHOJKecTB o6pa3yioiLi,Hx 6ain- 
Hii npeflCTaBjieHHH /, to jiio6oh KopTejK MHOJKecTB C l^i C Ai, i ~ 2, 

n, TaKJKe HBjiaeTCH KopTejKeM MHOJKecTB o6pa3yioiii;Hx 6amHH npe;i,CTaBjieHHH /. 
EcjiH cymecTByeT KopTejK MHHHMajUjHbix MHOJKecTB ^[1], nopojKflaiomHx 6amHio 
npeflCTaBjieHHii /, to TaKoii KopTejK MHOJKecTB X^^ Ha3biBaeTca 6a3HCOM 6amHH 
npe/i;cTaBJieHHH /. 

TeopeMa 3.4.13. Eaauc 6amHU npedcmaeAeHuu onpedeACH UHdyKUjUeu no n. Upu 
n ~ 2 6a3uc 6amHU npedcmaeAeHuu neAsiemcfi 6a,3ucoM npedcmaeAeHusi /i,2- Ec- 
AU Kopmecnc MHOJtcecme X^i ^] sieAfiemcsi BasucoM 6amHU npedcmaeACHUu /[j^j, mo 
Kopmeatc MHOMcecme oBpaaymvutjUX X^^j 6amHU npedcmaeACHUu f MSAJiemcM 6a- 
3UC0M mozda u moAbKo moeda, Kozda dA,si ak)6ozo a„ S Xn Kopmeotc MHOcncecme 
{X2, Xn-i, Xn\{an,}) He HBASiemcfi KopmeatceM MHOotcecme o6pa3yKiui,ux 6amHU 
npedcmaejieHuu f. 
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3. BauiHa npcflCTaBjieHHH ij-ajire6p 



^OKASATEJTbCTBO. IIpH n = 2 yTBepsKflCHHe TeopcMbi HBjiaeTCH cjieflCTBHeM 
TeopeMbi 2.4.11. 

IlycTb n > 2. IlycTb - KopTCJK MHOJKecTB o6pa3yK)iii,Hx 6amHH paccjioe- 

HHH /. IlyCTb KOpTe>K MHOJKeCTB HBJIHeTCH 5a3HCOM 6amHH paCCJIOeHIlit /[„]. 

/lonycTHM fljiH HeKOToporo a„ G X„ cymecTByeT cjiobo 

(3.4.3) Wn = w„(a„, /, {Xi, ...,X„_i,X„ \ {a„})) 

PaCCMOTpiIM ajj G An, AJIH KOTOpOrO CJIOBO 

(3.4.4) w'n = Wn{a'„J,X[,]) 

saBHCHT OT a„. CorjiacHO onpeflejiCHiiio 2.4.7, jiio6oe BxojKfleHne a„ b cjiobo w'^ 

MOJKCT 6l>ITI> SaMCHeHO CJIOBOM Wn- CjieflOBaTCJIBHO, CJIOBO w'^ HC SaBHCHT OT a„, 
a KOpTCJK MHOJKCCTB {X2, Xn-1, Xn \ {o-n}) HBJIHeTCH KOpTejKCM MHOJKeCTB 06- 

pasyiomiix 6aniHH npeflCTaBjieHiiit /. Cjie^OBaTejibHO, X^^ ne sBjiHCTca 6a3HCOM 
6amHH npeflCTaBjiCHHit /. □ 

^OKasaTCjibCTBO TCopcMbi 3.4.13 p^aei naM 3(J)(|)eKTHBHbiii mcto/i, nocTpoeHiia: 
6a3Hca 6aniHH npeflCTaBjieHHii /. Mh Ha^HHaeM ctpohtb 6a3HC b caMOM hhschcm 
cjioe. Korfla 6a3iic nocTpoen b cjioe i, i = 2, n — 1, mm MO>KeM nepeftTii k 
nocTpoenHio 6a3nca b cjioe i + 1. 

TeopeMa 3.4.14. AemoMopcpuaM 6amHU npedcmaeACHUu f omo6pajtcaem 6a3uc 
6aiuHu npedcmaeAeHuil f e 6a3uc. 

/],OKA3ATEJibCTBO. IIpH n ~ 2 yTBepjKflCHHe TeopeMbi HBjiaeTCH cjic/ictbhcm 
TCopcMbi 2.4.13. 

IlycTb OTo6pa}KeHne r - aBTOMop4)ii3M 6amHii npeflCTaBjiCHHii /. IlycTb KopTe>K 
MHOJKCCTB - 6a3HC 6aniHH npeflCTaBjieHiiii /. IlycTb Xj-^j = r[i](X[i]). 

^OnyCTIIM KOpTCJK MHOJKCCTB Xjjj HC JIBJIHCTCa 6a3HCOM. CorjiaCHO TCOpCMC 

3.4.13 cymecTByiOT i, i = 2, n, 11 a[ £ X[ TaKiie, hto KopTe>K mhojkcctb Xj'j^j"^'^ 

HBjiHeTCH KopTejKCM MHOJKecTB o6pa3yioin,iix 6aniHii npeflCTaBjieHiiii /. CorjiacHO 
TCopcMC 3.3.3 OTo6pa>KeHHe r^^ hejihctch aBTOMop4)ii3MOM 6amHii npeflCTaBjie- 
Hiiii /. CorjiacHO TCopcMC 3.4.12 ii onpeflejieniiio 3.4.8, KopTCMc mhosccctb 

HBjiJieTCJi KopTe^KCM MHOJKecTB o6pa3yioiLi,iix npeflCTaBjiCHiis /. nojiyHCHHoe npo- 
THBopcHHe flOKa3biBaeT TCopcMy. □ 



3.5. IIpHMepti 6a3Hca 6amHH npe/i,CTaBJieHHH 

A(|)4)HHHoe npocTpancTBO - sto seJxJjeKTHBHoe npeflCTaBjiCHne BCKTopnoro npo- 
CTpaHCTBa B a6ejieB0H rpynne. 3tot npiiMep paccMOTpen b rjiase 6. 

IIpHMep 3.5.1. IlycTb A2 - CBo6oflHaji ajire6pa na/i, nojiCM Ai. PaccMaTpiiBaa aji- 
re6py A2 KaK KOjibii,o, mm mojkcm onpcflejiiiTb CBo6oflHoe BCKTopnoe npocTpancTBO 
A3 Hafl ajire6poH ^2- HycTb .326 - 6a3HC ajire6pbi A3 na/i, ajire6poii A2. BcKTop 
03 G A3 HMCCT npe;],CTaBjieHHe 

(•3261 
"1 
.32e„ 



3.6 \rll 
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IlycTb .216 - 6a3HC ajire6piji A2 na/i, nojiCM Ai. Tax xax Og £ A2, to mbi MOJKeM 
saniicaTb hx KOopflHHaTbi OTHOCnTCjibHO 6a3Hca .216 



(3.5.2) 



= ag .216^ = l^a^ 




H3 paseHCTB (3.5.1); (3.5.2) cjie^yeT 



ji — — 

03 — ^3 .216^ .326^ — 



(3.5.3) 



•2161 



■2ie^ 



■ 2161 



■216,1 




■3261 



326ii 



PaBCHCTBO (3.5.3) noKasbieaeT CTpyxTypy KOop^HHaT b BeKTopnoM npocTpancTBe 
A^ Ha/i, nojiCM Ai. HeTpy^HO y6eflHTBCH, ^^to BeKTopBi 

■3iey = .2iei .326^- 

jiHHeiiHO nesaBHCHMbi nafl nojieM Ai. CjieflOBaTejiBHO, mbi nocTpoHjiii 6a3HC .316 
BeKTopHoro npocTpancTBe ^3 na/i, nojieM Ai. CjieflOBaTejitHO, mbi MOJKeM nepenii- 
caTb paBeHCTBO (3.5.3) b BH;i,e 

/ -31611 \ 



(3.5.4) 



03 = % -31' 



-3l6lm 
-3l6nl 
y -31 6nm J 



HeTpyflHO y6e/i,HTbCH, hto BeKTop .316^^ mo>kho OTOJKjiecTBiiTb c TensopHbiM npo- 

□ 



n3BefleHHeM .216^ ® .326, 



FjiaBa 4 



reOMGTpHH TGJia 
4.1. Il^eHTp Tejia 

Onpe/i,ejieHHe 4.1.1. IlycTb D - kojibii,o."''^ MHOJKecTBO Z{D) sjieMeHTOB a € D 

TaKHX, HTO 

(4.1.1) ax ~ xa 

j\nR Bcex X E D, HasBisaeTca ii,eHTpoM KOJii>ii,a D. □ 

TeopeMa 4.1.2. U^CHmp Z{D) KOAbii,a D sieAfiemcsi nodKOAbv,OM KOAbu,a D. 

^OKASATEJibCTBO. HenocpeflCTBCHHO cjiepyeT h3 onpeflejieHHH 4.1.1. □ 

TeopeMa 4.1.3. I^enmp Z{D) meAa D neAsiemcfi nodnoACM meAa D. 

^OKASATEJTbCTBO. CorjiacHO TeopeMe 4.1.2 floCTaTOiiHO npoBepHTb, hto 
G Z{D), ecjiH a G Z{D). IlycTb a G Z{D). MnoroKpaTHO npuMenaH paseHCTBO 

(4.1.1) , Mbi nojiyHHM ii;enoHKy paBCHCTB 

(4.1.2) aa~^x = x = xaa^^ = axa^^ 
Ha (4.1.2) cjie^yeT 

a~^x = xa~^ 

CjieflOBaTejiBHO, G Z{D). 

□ 

Onpe/i,ejieHHe 4.1.4. XlycTb D - kojiijd;o c eflHHHi;eH e.^'^ OToGpajKeHne 

I: Z 

fljiH KOToporo l{n) ~ ne 6y^eT roMOMop4)H3MOM KOjieu,, h ero a^po HBjiJieTCH H^e- 
ajiOM (n), nopojKfleHHbiM ii,ejiijiM hhcjiom n > 0. KaHOHmecKiiii iiHteKTiiBHijiH ro- 

MOMOp4)H3M 

Z/nZ D 

HBjiaeTCH H30Mop4)H3MOM MejK^y ZjnZ II noflKOjii>ii,OM B D. EcjiH nZ - npocTOii 
Hfleaji, TO y nac B03HHKaeT flsa cjiynaji. 

• ri = 0. D coflepjKHT b KanecTBe no/i,KOjii>ii,a KOjii>ii;o, naoMopeJjHoe Z ii 
nacTO OTO>K/i,ecTBjiHeMoe c Z. H stom cjiynae mm roBopiiM, hto D iiMeeT 
xapaKTepHCTHKy 0. 

• n ^ p fljia HeKOToporo npocToro ^^iicjia p. D iiMeeT xapaKTepHCTHKy p, 
H D coflepjKHT ii30Mop4)Hi>iii o6pa3 Fp = Z/pZ . 

□ 

■^■Ifll, CTp. 84. 

^■^OnpeflejieHHe flano corjiacHO onpeflejieHHKi h3 [1], CTp. 84, 85. 
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TeopeMa 4.1.5. Ilycm'b D - KOAbi^o xapaKmepucmuKU u nycmb d ^ D. Tozda 
Aw6oe v,eAoe hucao n ^ Z KOMMymupyem c d. 

^OKASATEJTbCTBO. YTBep^KfleHHe TeopeMbi flOKasbisaeTca: no HH/i,yKri,iiH. IIpii 
n = H n = 1 yTBepjKfleHne o^eBiiflHO. ^onycTHM yTBepjKfleHne cnpaBe;i,jiHBO npH 
n = k. Hs Li,enoHKH paBencTB 

{k + l)d= kd + d = dk + d = d(k + 1) 

cjieflyeT OHeBUflHOCTb yTBepjKflenHH npii n ~ k + 1. □ 

TeopeMa 4.1.6. Ilycm'b D - KOAbii,o xapaKmepucmuKU 0. Tozda KOAbv,o v,eAux 
HuceA Z fiBASiemcfi nodKOAbv^oM v,eHmpa Z{D) KOAbv,a D. 

^OKASATEJibCTBO. CjieflCTBHe TeopeMbi 4.1.5. □ 

IlycTB D - TCjio. EcjiH D HMecT xapaKTepiiCTHKy 0, D coflepjKHT b Ka^ecTBe 
noflnojiH H30Mop4)HbiH o6pa3 nojiH Q pan,HOHajibHbix HHceji. Ecjih D hmcct xapaK- 
TepHCTHKy p, D coflepjKHT B KanecTBe noflnojiH H30Mop4)Hbiit oSpas Fp. B o6onx 
cjiynaax 3to noflnojie 6yfleT nasbiBaTbCH npocTbiM nojieM. TaK KaK npocToe no- 
jie HBjiHeTCH HaHMCHbinHM noflnojiCM b D, co^epjKamHM 1 h ne iiMeiomHM aBTO- 

MOp4)H3MOB, KpOMe TO}K;i,eCTBeHHOrO, erO o6bIHHO OTOJK/ieCTBJIHIOT C Q HJIH Fp, B 

saBHCHMOCTii OT Toro, KaKOH cjiy^iaft HMeeT mccto. 

TeopeMa 4.1.7. Flycmb D - meAO xapaKmepucmuKU u nycmb d G D. Tozda dAsi 
Am6ozo VjCAOzo hucag n G Z 



^OKASATEJibCTBO. CorjiacHO TCopcMe 4.1.5 cnpaBCfljiiiBa u,enoHKa paBencTB 



TeopeMa 4.1.8. Ilycmb D - mcAO xapaKmepucmuKU u nycmb d E D. Tozda 
AKi6oe paVjUOHaAbHoe hucao p E Q KOMMymupyem c d. 

flOKASATEJibCTBO. Mbi MO>KeM npeflCTaBHTb paLi,HOHajibHoe hhcjio p G Q b 
BH^e p = mn~^ , m, n G Z. YTBepscfleHHe TeopeMbi cjie^yeT ii3 i^enoHKH paBCHCTB 

pd = mn^^d = n^^dm ~ dmn^^ = dp 

ocHOBaHHOii Ha yTBepsKflenmi TeopeMbi 4.1.5 ii paBencTBe (4.1.3). □ 

TeopeMa 4.1.9. Tlycmb D - mcAO xapanmepucmuKU 0. Tozda noAC pau^uonaAbHux 
HuccA Q RBAfiemcsi nodnoACM u^enmpa Z{D) mcAa D. 

^OKASATEJibCTBO. CjieflCTBHe TeopeMbi 4.1.8. □ 



(4.1.3) 



n ^d — dn 



(4.1.4) n~^dn = nn'^d = d 

yMHOJKHB npaBym ii jieBym lacTii paBencTBa (4.1.4) na n~^, nojiynnM 

(4.1.5) n~^d = n^^dnn^^ = dn~^ 
Ha (4.1.5) cjieflyeT (4.1.3). 



□ 



4.2. FcoMCTpHji TCjia Hafl nojicM 
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4.2. FeoMeTpHH Tejia na^ nojieivr 

Mbi mojkcm paccMaTpHBRTb Tejio D KRK BeKTopHoe npocTpancTBO HEfl nojieM 
F C Z{D). IIpii 3T0M MM 6y^eM nojibsoeaTbCH cjieflyiomiiMn corjiameHiiHMH. 

(1) Mbi He GyflCM fs/isi ajiCMCHTa Tejia D nojitsoBaTbCH CTaHflapTHbiMH o6o- 
SHaHeHHHMH fljiH BCKTopa, ecjiH Mbi GyfleM paccMaTpHBaib stot ajieivieHT 
KaK BeKTop Hafl nojieM F. OflnaKO mbi Sy^eM nojiBSOBaTbCH ;i,pyrHM ii,Be- 
TOM ^jiH HHflCKca npH sanncH KOopflnnaT sjieivieHTa lejia D Kax BexTopa 
Hafl nojieM F. 

(2) TaK KaK F - nojie, to mbi mojkgm micaTB Bce HHflCKCBi cnpaBa ot KopneBOH 
6yKBBi. O^HaKO mbi Gy^eM nojiBSOBaTBCH tgm >Ke corjianieHHeM, hto mbi 
nojiB3yeMCH fljiH Tejia. 

IlycTB e - 6a3HC Tejia D nafl nojieM F. Tor^a npoHSBOJiBKBiii ajieMCHT a G D 

MOJKHO npeflCTaBIITB B BHfle 

(4.2.1) a = aSe 

rfle a* g i^. Ecjih pasMepnocTB TCjia D na^ nojieM _F 6ecK0HeHHa, to 6a3HC MOJKeT 
6bitb jih6o chbthbim, jih6o ero MomnocTB MOJKeT 6bitb hc MeHBine, nem moiii,hoctb 
KOHTHHyyMa. Ecjih 6a3HC ct^cthbih, to na K034)4)Hii,HeHTBi a' pa3jiO}KeHiiH (4.2.1) 
HaKjiaflBiBaiOTca onpeflCjienHBie orpanHieHHsi. Ecjih moiii,hoctb MHOJKCCTBa / koh- 
THHyyM, to npeflHOjiaraeTCH, hto na MHOJKCCTBe / onpeflejiena Mepa h cyMMa b 
pasjioJKeHHH (4.2.1) HBjiaeTCH HHTcrpajiOM no STOii Mcpe. 

IIocKOjiBKy B TCjie D OHpcflejiena onepai^iiH npoiiSBefleHHii, to mbi mojkcm pac- 
CMaTpHBaTB TCJio KaK ajire6py nafl hojicm F. fl^nsi sjieMCHTOB Gasnca mbi hojiojkhm 



(4.2.2) ieje = ijB^ke 

K034)4)HII,HeHTBI ijB^ paSJIOJKeHHH (4.2.2) naSBIBaiOTCH CTpyKTypHBIMH KOH- 

CTaHTaMH Tejia D hei^ nojieM F. H3 paBCHCTB (4.2.1), (4.2.2) cjie^ycT 

(4.2.3) ab= V ijB^ ke 

Hs paBCHCTBa (4.2.3) cjie^ycT 

{ab)c = [ahy ijB'' 
^ ' = a™ 6- ijB^ fee 



(4.2.5) _ , „ 



a{bc) = a* {hcY ijB^ 

b C mnB'^ ij 
H3 aCCOII,HaTHBHOCTH HpOHSBCfleHHa 

{ab)c = a{bc) 
H paBCHCTB (4.2.4) H (4.2.5) cjie^yeT 

(4.2.6) a"" 5" ^^B' c> fee = a' 6™ ijB'^ fee 

TaK KaK BCKTopBi a, 6, c hpohsbojibhbi, a bcktopbi fee jihhchho nesaBHCHMBi, to h3 
paBCHCTBa (4.2.6) cjie^ycT 

(4.2.7) iYn-^^ jn-B = rnn^"^ ij 

TeopeMa 4.2.1. Koopdunamu a' ecKmopa a HeAsimmcsi mensopoM 
(4.2.8) 
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4. FcOMCTpHJI TCJia 



^OKASATEJTbCTBO. IlycTb e' - flpyroH 6a3HC. IlycTb 

(4.2.9) id = iA^ je 

npeo6pa30BaHHe, OTo6pa>Kaioiii,ee Gasnc e b Gasnc e'. TaK KaK eeKTop a ne MenaeTca, 

TO 

(4.2.10) a = a^[d = a^je 
Ha paBCHCTB (4.2.9) h (4.2.10) cjieflyei 

(4.2.11) a' je = a ' = a'" i^^' 

TaK KaK BCKTopti j-e jiHHeiiHO nesaBHCHMbi, to paBCHCTBO (4.2.8) cjie^yeT hs pa- 

BCHCTBa (4.2.11). CjieflOBaTejIBHO, KOMnOHCHTbl BCKTOpa HBJIHK5TCH TeH30pOM. □ 

TeopeMa 4.2.2. CmpyKmypHue KOHcmaHmu meAa D Had noACM F AeAsiwmcsi 
meHsopoM 

(4.2.12) ^A-^^ ijB"' kA' = r^mB' 

^OKASATEJlbCTBO. PaccMOTpHM aHajiorHHHbiM o6pa30M npeo6pa30BaHHe npo- 
H3Be;],eHHH. PaBencTBO (4.2.3) b SasHce e' hmbct bh/i, 

(4.2.13) ab = a'' b'^ ijB"' 
EoflCTaBHB (4.2.8) h (4.2.9) b (4.2.13), nojiynHM 

(4.2.14) ah = a" ^A-'' 6™ mA-^^ ijB'^ ^A' ,e 
H3 (4.2.3) H (4.2.14) cjieflycT 

(4.2.15) a" „ A-i^ 6"^ ^A' le = a" 6"^ 

TaK KaK BCKTopbi a II b npoH3BOjibHi>i, a BeKTopti {e jiHHeiiHO He3aBHCHMbi, to 
paBCHCTBO (4.2.12) cjie^ycT h3 paBCHCTBa (4.2.15). CjicflOBaTCjibHO, CTpyKTypnbie 

KOHCTaHTbl HBJiaiOTCa TCH30pOM. □ 



FjiaBa 5 



KBa^paxHHHoe OTo6pa>KeHHe Tejia 

5.1. BHJiHHeHHoe OTo6pa:»ceHHe Tejia 

TeopeMa 5.1.1. Uycmb D - mcAO xapaKmepucmuKU 0. Uycmb F - noAe, Komopoe 
jiBAJiemcM nodKOAbu,OM u,eHmpa meAa D. flonycmuM e - 6a3uc meAa D Had noACM 
F . CTaHflapTHoe npe^cTaBJieHHe na/i; nojieM F 6HJiHHeHHoro OTo6pa>Ke- 
HHH Tejia UMeem end 

(5.1.1) /(a, b) = (1)/'''' iC a je b + (2)/'^''' iC b a 

BupaoKCHue (t)/*''^ e paeeHcmee (5.1.1) Haaueaemcsi CTaH/i;apTHOH KOMnoneH- 
TOH nap, nojieM F 6HJiHHeHHoro OTo6pa:>KeHHH /. 

^OKASATEJibCTBO. CjieflCTBiie TCopeMM [7]-9.3.6. S^ecb flanbi nepecTanoBKH 

(^■'■^) « - (: :) - - (: :) 

□ 

TeopeMa 5.1.2. Uycmb noAe F tieAsiemcfi nodKOAbi^oM 'nenmpa Z{D) meAa D. 
Uycmb Ci - 6a3uc mcAa D Had noACM F . Buauhcuhoc omoSpacuccHue 

g: D X D ^ D 

MODfCHO npedcmaeumb e eudc D-anauHou SuauhcuhoU (popMU Had noACM F 

(5.1.3) g{a,b) = a' V ijg 
zde 

a = it 
b = b> , e 

(5.1.4) ijg = g{ie,je) 

u ecAUHUHU ijg sieAfiKimcfi KoopdunamaMU D-anaHHOzo KoeapuanmHozo menaopa 
Had noACM F . 

^OKASATEJibCTBO. CjieflCTBiie TCopeMBi [7]-9.3.7. □ 

MaTpHii,a G = \ijg\ HasbiBaeTca MaTpHi^eii 6HJiHHeHHoft cJ)yHKLi,HH. Ecjih 
MaTpHii,a G HeBbiposKflena, to 6HjiHHeiiHaa 4)yHKri,Ha g naabiBaeTCH HeBMpo»c;];eH- 

HOH. 

TeopeMa 5.1.3. Buauhcuhoc omo6pamccHue 

g: D X D ^ D 

cuMMcmpuHHO mozda u moAbKO mozda, Kozda Mampuu,a G cuMMcmpuuHa 

ij9 — ji9 
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52 5. KeaflpaTHMHOc OTo5pa5KCHHC Tcjia 

^OKASATEJTbCTBO. CjieflCTBiie TeopcMM [7]-9.3.8. □ 
TeopeMa 5.1.4. EujiuneuHoe omoBpamceHue 

g: D X D ^ D 

Koco cuMMempuHHO mozda u moAtKO mozda, Kozda Mampwua G koco cuMMempuH- 
Ha 

ij9 = ~:ii9 

/lOKASATEJTbCTBO. CjieflCTBHC TeopCMbl [7]-9.3.9. □ 
TeopeMa 5.1.5. KoMnoHenmu 6uAUHeuHozo omo6pajtceHUJi 

g:D X D ^ D 
u ezo Mampuii,a Had noACM F cenaaHU paeeiicmeoM 

(5.1.5) pqg — ((1)5*-''" ipS* sjB^ iqB* tkB^ + (2)5*"''' igB'^ sjB^ ipB^ tkB'^) 

(5.1.6) pqg'^' = (1)5*"''' ipB" sis'" iqB* tkB^ + (2)3*"''' iqB^ sjB^ ipB*^ tkB^ 

^OKASATEJTbCTBO. CjieflCTBHe TeopcMbi [7]-9.3.10. fljia ;i,OKa3aTejibCTBa yTBep- 
jKfleHHH floCTaTOnio noflCTaBiiTb (5.1.2) b paBencTBa [7]-(9.3.14), [7]-(9.3.15). □ 

TeopeMa 5.1.6. Ecau 6uAUHeuHoe omo6paotceHue 

g:D X D ^ D 

UMeem Mampum/ G = Hi/ffH; 'mo cyui,ecmeyem 6uAUHeuHoe omo6paatceHue 

g' -.DxD ^ D 
Komopoe UMeem Mampum/ G' = \\ijg'\\, ijg' = jig- 
^OKASATEJlbCTBO. IIojIOXiHM 

(5-1-7) (1)5 - (2)5 ■ (2)5 ■ - (1)5 

Ha paBencTB (5.1.6), (5.1.7) cjieflyei 

qpg'^ = (1)5'*'''' iq-S* sji?' (pB* tkB' + (2)5'*"''' ip-S* sj-S' Jq-B* tfeS^ 
(2)5*^'' iqB" sjB'' IpB^ tkB^ + (1)5*"''' ip-S* sjB^ IqB^ tkB^ 



□ 



5.2. KBaflpaTHHHoe OTo6pa:>KeHHe Tejia 
Onpe/i;ejieHHe 5.2.1. IlycTb D - tcjio. 0To6paiKeHiie 

h:D^R 

HasbiBaeTCH KBa/i;paTHHHBiM, ecjiH cymecTByeT 6HjiHHeHHoe OTo6pa>KeHHe 

g:DxD-=^D 

TaKoe, ^iTO 

hia) = g{a, a) 

BHjiHHefiHoe OToGpajKeHHe g HasBiBaeTCH OTo6pa}KeHHeM, accoi^nHpoBanHbiM oto6- 
pajKeHHio h. □ 



5.2. KBaflpaTHiHoc OTo6pa;KCHHC Tcjia 
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0To6pa>KeHHe g onpeflejieno HeoflHOsnaHHO jijin 3a;i,aHHoro OToSpajKCHHa h. 
O^HaKO corjiacHO xeopeMe 5.1.6, mh 'Rcevj\a, MOsceM nojiojKiiTb, ^^to GujinHeliHoe 
OTo6pa>KeHHe g CHMMeTpii^iHO 

g{a,b) = g{b,a) 

/leiiCTBHTejibHO, ecjiH 6HjiHHeHHoe OTo6pa>KeHHe gi, accori,iiHpoBaHHoe OTo6pa}Ke- 

HHK) h, He CHMMeTpHHHO, TO Mbl HOJIOJKHM 

gia,b) = (gi(a,6)+.gi(6,a))/2 

TaK KaK 6HjiHHeHHoe OTo6pa}KeHHe oflHopo^HO CTenenii 1 nafl nojieM R no 
KajKfloii nepeMenHoii, KBaflpaTiiHuoe OToGpajKeniie o^HopoflHO CTenenn 2 na^ hojicm 
R. 

TeopeMa 5.2.2. Uycmb D - mcAO xapaKmepucmuKU 0. Uycmb F - noAe, Komopoe 
aeAfiemcH noditoAb'noM u,eHmpa me.n,a D. ffonycmuM p - Baauc mcAa D Had noACM 
F. CTaHflapTHoe npe^cTasjieHHe KBa^paTHHHoro OToGpajKGHHH Tejia nayo; 
nojieM F uMeem eud 

(5.2.1) /(a) = ip a ,p a „p 

Bupac^tcenue f^^^ e paeencmee (5.2.1) Maaweaemca CTaHflapTHoft KOMnoHeHToft 
KBa^paTHHHoro OTo6pa»ceHHH / hei^ nojieM F. 

^OKASATEJIbCTBO. CjieflCTBHe TCOpeMbl 5.1.1. □ 

TeopeMa 5.2.3. Uycmb none F jieAMemcji nodKOAbu,OM 'nenmpa Z{D) mcAa D. 
Ilycmb e - 6a3uc mcAa D Had hoabm F. KeadpamuuHozo omo6pajtceHue f mochcho 
npedcmaeumb e eude D-anaHHOu KeadpamuuHou cfiopMU Had noACM F 

(5.2.2) /(a) = a'a^ ijf 
gde 

a = {e 

(5.2.3) y/ = g(,e,,e) 

u g - accoVjUupoeaHHoe 6uAUHeuHoe omo6pacnceHue. Bcauhuhu ijf jisAJitomcji ko- 
opduHamaMu D-anaHHOZo KoeapuawmHozo menaopa Had hoacm F. 

^OKASATEJTbCTBO. fl^Jia BbiGpaHHoro 6HjiHHeHHoro OTo6paiKeHHH g, accoii;iiH- 
poBaHHoro OToGpajKCHHio /, yTBepjKfleHHe TeopeMbi hbjihctch cjieflCTBHCM TeopeMbi 
5.1.2. HaM Ha;i,o ^OKaaaTb nesaBHCHMOCTb KOop^HnaT KBa/i,paTHHHoro OToSpajKe- 
HHH OT Bbi6opa accoii,HHpoBaHHoro OTo6pajKeHiiH g. 

^onycTHM, gi, g2 - 6HjiHHeHHbie OTo6pa}KeHHH, accoD;HiipoBaHHbie OTo6pa>Ke- 
HHio /. Tor^a 

(5.2.4) iifi = 51 (iC, ic) = g2iie, ic) = afi 
^jia npoH3BOJibHoro a & D 

a* ijf I = a* ijf 2 

EcjiH fljia flaHHbix i, j mm paccMOTpHM a £ D, fljis KOTOporo = aj = 1, to mh 
nojiy^HM 

(5.2.5) ii/i + ijfi + jifi + jjfi = iif2 + ijf2 + ii/2 + jjf2 
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5. KBaflpaTHMHOc OTo5pa5KCHHC Tcjia 



Ha paBencTB (5.2.4), (5.2.5) cjieflycT 

CjieflOBRTejibHO, ecjiH accoi^HnpoeaHHoe GHjiHHeiiHoe OToGpajKCHHe CHMMeTpHHHO, 
TO OHO onpe^ejieHHO oflHOSnaHHO. □ 

MaTpHLi,a F = \ijf\ nasbiBaeTCH MaTpHi^eft KBa/i;paTHHHoro OTo6pa:»ce- 
HHH. EcjiH MaTpHn,a F HeBbipojKflena, to KBa/i,paTHHHoe OTo6pa»:eHiie / nasbiBaeT- 
CH HeBMpojK^eHHfaiM. PaHF MaTpHLi,bi F HasbiBaeTCH panroM KBciflpaTHHHoro 
OTo6pa»ceHHH /. 

Teopeivra 5.2.4. Omo6pamceHue 

f:D^D 

KeadpamuHHoe Had uoabm F , onpedeACHO kuk omo6paotceHue Had meAOM mozda u 
moAbKo mozda, Kozda 

(5.2.6) pj =r'' ipB' sjB' igB' tkB^ ,p 

(5.2.7) pqf^ —pjk ,^j^s ^^j^t ^^Jjr 
/],OKA3ATEJIbCTBO. IIOflCTaBHM 

a ~ a-' jp 

B paBeHCTBO (5.2.1). Tor;i,a paBCHCTBO (5.2.1) npHMCT bh^ 
/(a) =fj'' ip aP pp jp a" qp kP 

(5.2.8) =aP a" f^'' ip pP jp qP uP 

=aP a" ipB' sjB' iqB' tkB^ rP 
PaBeHCTBO (5.2.6) cjie^yeT h3 cpaBnenHH paBencTB (5.2.8) h (5.2.2). □ 

Hs TeopeMbi 5.2.3 cjieflycT, hto KOopfliinaTbi p^/ oSpasyiOT Tensop. B TeopeMe 
[7]-9.2.11 onHcana CTpyKTypa flonycTiiMbix npeo6pa30BaHHH. 

TeopeMa 5.2.5. Ilycmb none F fieAsiemcfi nodKOAbu,OM 'nenmpa Z{D) meAa D. 
Uycm'bp - 6a3uc meAa D nad noACM F. Uycmh ijB'' - cmpyKmypnue KOHcmanmu 
meAa D Had noAeM F . Ecau 

dGt(a' {ijB'' + y,,B^)) / 

mo ypaeneHue 

(5.2.9) ax -\- xa — b 

UMeem eduHcmeeuHozo pemenue. 

Ecau onpedeAumeAb paeen 0, mo ycAoeucM cyiuficmeoeaHUfi pemeHusi sieAfiem- 
CM F-AUHeuHUM saBucuMocmt) eeKmopa b om eenmopoe a* {ijB'^ + jiB^) kp . B 
3moM cAyuae, ypaencHue (5.2.9) uMcem GecKOHCHHo mhozo pemeHuu. B npomue- 
HOM CAyuae ypaenenue ne ujueem peiuenuu. 

^OKASATEJibCTBO. Hs paBeHCTB (4.2.3), (5.2.9) cjie^yeT 

(5.2.10) a' x^ ijB'' kP + a-' ijE'^' kP = b'' kP 

TaK KaK BeKTopbi kP JiHHeftHO HesaBHCHMbi, TO H3 paBeHCTBa (5.2.10) cjie^yeT, hto 

KOOpflllHaTbl X^ yflOBJICTBOpHIOT CHCTeMe JIHHeiiHblX ypaBHCHHit 

(5.2.11) x^ a' {ijB^ + jiB'') = b'' 



5.2. KBaflpaTHiHoc OTo6pa;KCHHC Tcjia 
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CjieflOBRTejibHO, ecjiH onpeflCJiHTejib CHCTeMbi (5.2.11) ne paBCH 0, to CHCTeMa HMe- 
eT e/i,HHCTBeHHoe penieHne. 

AnajiorH^HO, ecjiH onpe/i,ejiHTejib paeeH 0, to ycjiOBHeM cymecTBOBaHHH peine- 
Him HBjiaeTCH paBencTBO panra pacniHpeHHOH MaTpimti h panra MaTpHi^bi CHCTeMbi 

JIHHefiHblX ypaBHCHUH. □ 

TeopeMa 5.2.6. Ilycmb none F tiejisiemcfi nodKOAbu,OM 'nenmpa Z{D) meAa D. 
Cymecmeyem KeadpamuHHoe omo6pacitceHue f maKoe, umo mookho naumu 6a3uc p 
Had noACM F, e KomopoM omo6pajtceHue f npedcmaeACHO kuk cyMMa Keadpamoe. 

^OKASATEJTbCTBO. IIpHBefleHHe KBaflpaTiiHHOfi (JjopMbi K fliiaroHajiBHOMy bh- 
;i,y BbinojiHeHO anajiornHHO TOMy xax 3to cflejiano b [4], c. 169 - 172. PaccMaTpn- 
BaeMbie npeoGpasoBaniiH nepeMennbix CBHsanbi c cooTBeTCTByiomHMH npeo6pa30- 
BaHiiHMH 6a3Hca. Hac ne HHTcpecyeT, hbjihctch jiii sth npeoSpasoBaHHs 6a3Hca 
;i,onycTHMbiMH. HpHHUHa coctoht b tom, t^to 6a3HC, BBi6paHHbiH BHanajie mojkct 
6biTb He CBHsaH c KanoHHT^ecKHM 6a3HC0M flonycTHMbiM npeo6pa30BaHiieM. O^Ha- 
Ko fljiH Hac BajKHO, HTo6bi OKOHHaTCJibHoe HpeflCTaBjieHHe OToGpajKeHHa / Sbijio 
;i,onycTHMbiM. 

Mbi flOKajKCM yTBepjKflCHHe HHflyKu,HeH HO wcjiy nepeMennbix b npe^CTaBjie- 

HHH KBaflpaTHHHOrO 0T06pajKeHHH. J\jlR 3TOrO Mbl SyflCM 3anHCbIBaTb KBa^paTHH- 

Hoe OTo6pa}KeHHe / b BH^e OTo6pa}KeHHa ot n nepeMennbix a^, a" 

(5.2.12) f{a)^ f{a^,...,a^)=a'a^ ijf 

npeflCTaBjienne KBa;];paTHmoro OToGpajKeniin b bh^c (5.2.12) nasbiBaeTcn kbei^- 

paTHHHOii 4)OpMOH. 

yTBepjKfleniie oneBH^no, ecjiii KBaflpaTHnnaa cjjopMa 3aBHCHT ot o^noii nepe- 
Mennoii a^, TaK Kax b stom cjiyiae KBaflpaTHnnan 4)opMa HMeeT bh^ 

/lonycTHM yTBepscfleniie TeopeMbi cnpaBe/i,jiHBO fljia: KBaflpaTunnon (JjopMbi ot 
71 — 1 nepeMennoH. 

(1) IlycTb KBaflpaTHnnas 4)opMa co^epiKHT KBa^paTbi nepeMennbix. He na- 
pymaa o6ni,nocTH, nojioJKHM n/ ^ 0. PaccMOTpHM OToGpasceniie 

(5.2.13) /i(a\...,a")=/(a\...,a")-ii/-i [a^ jhf 

Mbi Bbi6HpaeM 3HaHenHa jh TaxiiM o6pa30M, htoSm y;i,OBjieTBopnTb pa- 
BencTBO 

(5.2.14) 2^^f ijf = ihjh + jhih 
Kor;i,a j = 1, h3 paBencTBa (5.2.14) cjie^yeT 

(5.2.15) i/i= ii/ 

Kor;i,a j > 1, h3 paBencTB (5.2.13), (5.2.15) cjie^yeT 

(5.2.16) 2ii/i,/ = ii/,/i + ,/iii/ 
Hs TeopeMbi 5.2.5 cjieflyeT, hto ecjin 

(5.2.17) detdir iijB" + jiB^)) ^ 
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5. KeaflpaTHMHOc OTo5pa5KCHHC Tcjia 



TO ypaBHeHHC (5.2.16) hmcct efliiHCTBeHHoe pemeHHe. Mm npeflnojiojKHM, 
HTO ycjiOBHe (5.2.17) BbinojiHeHO, h paccMOTpHM saMeny nepeMeHHBix 

= jh 

b^ = a' i>l 

CjieflOBaTCJibHO, OTo6pa>KeHHe /i(a"'^, a") ne aasncwi ot b^. Corjiacno 
onpeflejieHHK) (5.2.13), mbi npeflCTaBHjin OToSpajKCHHe f{a^, a"") b BH^e 
cyMMM KBa;i,paTa nepcMeHHOii b^ h KBaflpaTHHHoro OToSpa^KeHim ot b^ 
He saBiiCHmero. 

/(a\...,a") = ii/-i {b^f + h{b^...,b-) 

TaK KaK 4)opMa /i saBHCHT ot n — 1 nepeMCHHOft, to mbi mojkbm naiiTH 
npeo6pa30BaHHe nepeMenHbix, npHBO/i,HLLi,ee STy (|)opMy k cyMMC KBa;i,pa- 
TOB nepeMeHHbix. 

(2) EcjiH ii/ = ... = nnf = 0, TO HRM Hy>KHO ;i,onojiHHTejibHoe jiHHeii- 
Hoe npeo6pa30BaHHe, npHBOflHmee k nosBjienmo KBa/ipaTOB nepeMennbix. 
IIojiojKHM 12/ 7^ 0. CoBepniHM jiHHeiiHoe npeo6pa30BaHHe 

a'=b'- b^ 

a^=b'+ 9 

a' =b' i>2 

B pesyjibTaTe SToro npeoGpaaoBaHHH cjiaraeMoe 

o 1 2 r 
la a 12/ 

npHMCT BHfl 

2 [b^f 12/ -2 (6^)2 12/ 
Mbi nojiy^iHjiH KBaflpaTHHHyio 4)opMy, paccMOTpeHHyio b cjiynae (1). 

□ 

EcjiH Bce K034)4)HLi,HeHTbi KBaflpaTHHHOH (JjopMbi B KaHOHHHecKOM npeflCTaB- 
jieHHH fleftcTBHTejibHbi, TO /(a) G i? fljiH jiK)6oro a G D. 

^onycTHM, Mbi Bbi6pajiH KBaflpaTiiHHyio (J)opMy /, npHHiiMaiomyio fleficTBH- 
TejibHbie SHaneHiiH. 

Onpe/i;ejieHHe 5.2.7. IlycTb D - lejio. KBaApaTHHHoe OToSpajKeHHe 

f : Dx D 
HasbiBaeTCs nojiojKHTejibHO onpe/i;ejieHHBiM, ecjiH 

/(a) G R 

fljiH jiio6oro a dz D n npii stom BbinojiHenbi ycjiOBHH 

f{a) > 

/(a) = => a = 

IIojioJKHTejibHO onpeflejiCHHoe KBaflpaTHHHoe OToGpajKenne HasbiBaexca 3bkjih/];o- 
Boii MeTpHKoii Ha Tejie D. CHMMeTpHHHoe accoLi,HHpoBaHHoe 6HjiHHeHHoe oto6- 
pajKCHHe g nasbiBaeTCH sekjih^obbim CKajinpHbiM npoHSBe^eHHeM Ha xejie 
D. □ 



5.2. KBaflpaTHiHoc OTo6pa;KCHHC Tcjia 
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EcjiH KBaflpaTHHHoe OTo6pa}KeHHe / ne HBjiaeTCH nojiojKiiTejibHO onpeflejien- 
HbiM, TO 3T0 OTo6pa>KeHHe HasbiBaeTCH nceB/i;o3BKJiH/i;oBOH MeTpHKoft Ha Te- 
jie D. CiiMMeTpiiHHoe accon,HHpoBaHHoe 6HjiiiHeiiHoe OToSpajKeniie g nasbiBaeTCH 
nceBfl03BKJiH;];oBBiM CKajinpHbiM npoH3Be;];eHHeM Ha Tejie D. IlycTb e - 6a- 
3HC, OTHOCHTejiBHO KOToporo (JjopMa / npe/i,CTaBjieHa b bh^c cyMMbi KBaflpaiOB. 
CymecTByiOT BCKTopa 6a3iica ej, ;i,jih KOToptix /(e;) < 0. fljia npoHSBOjiBHoro 
a = a* e; onpe^ejiHM onepaLi,iiio conpajKenHH paBCHCTBOM 

a* = sign{f{ei))a' et 

BBipajKCHne a* nasBiBaeTca spmhtobbim conpHxceHHeM. 

PaccMOTpHM 6iiafl/];HTHBHoe OTo6pajKeHHe 

5*(a,6)=,9(a,6*) 
na)=g*{a,a) 

OTo6pa}KeHHe /*(a) nojiojKHTejibHO onpeflejieno h naabiBaeTCH apMHTOBofi mgt- 
pHKOH Ha TGJie D. CHMMeTpinHoe accoD;HHpoBaHHoe OToGpajKCHHe g* nasbiBaeTCH 
apMHTOBMM CKajiapHBiM npoH3BefleHHeM Ha TGJie D. 
EcjiH OToGpajKeHHe 

a ^ a* 

jiHHefiHO, TO spMHTOBO CKajispHoe npoH3BefleHHe coBna^aeT c sbrjihaobbim CKajiap- 
Hbin npoHSBefleHHCM. AnajiornHHoe yTBep}K;i,eHHe Bepno ^jih MexpHKH. 



FjiaBE 6 



D-acJjcJiHHHoe npocTpancTBO 



6.1. D-acJxJjHHHoe npocTpancTBO 

o 

Onpe/i;ejieHHe 6.1.1. PaccMOTpuM MHOJKecTBO ToneK A ii MHOJKecTBO eeKTopoB 

o 

A.^'^ MnoiKecTBO A yflOBjieTBopaeT cjie^iomHM aKCHOMaM 

(1) CymecTByeT no KpaftHeii Mepe Oflna TOHKa 

(2) KajK^OH nape Tonex {A, B) nociaBjien b cooTBeTCTBne o^hh h tojibko 

o;i,HH BCKTop. 3tot BCKTop MM 6y/i,eM o6o3Ha^iaTij AB. 

(3) fljiH Ka}K;i,OH TOHKn A n jno6oro BeKTopa a cyni,ecTByeT Oflna n tojib- 

KO Oflna TOHKa B TEKan, hto AB ^ a. Mbi 6y^eM laKJKe nojibsOBaTbca 
sanncbK)'^'^ 

(6.1.1) B = A + a 

(4) (AKCHOMa napajijiejiorpaMMa.) Ecjih AB = CD, to AC = BD. 

□ 

_ o 

Onpe/i;ejieHHe 6.1.2. IlycTb ^anti BeKTopti a n b. IlycTb A £ A - nponsBOjitnaa 

o o _ ^ 

TonKa. HycTb B E A, B ^ A + a. IlycTb C E A, C = B + b. BeKTop AC nasbiBaeTcn 

CyMMOH BCKTOpOB a n b 

(6.1.2) a + b = AC 

□ 

TeopeMa 6.1.3. Benmop AA jieAJiemcM HyneM no omHomeHum k onepa'nuu cao- 
otceHUM u He aaeucum om eu6opa moHKU A. BeKmop AA naaueaemcH nyMb-ecK- 
mopoM u Mu noAazacM A A = 0. 

^OKASATEJibCTBO. Mbi MO>KeM sanncaTB npaBHjio cjio^Kennn (6.1.2) b BH;i,e 

(6.1.3) AB + BC = AC 
Ecjih B = C , to h3 paBencTBa (6.1.3) cjie^yeT 

(6.1.4) AB + BB = AB 

Ecjih C — A, B ~ D , to w3 aKCiiOMBi (4) onpeflejiennn 6.1.1 cjiepyeT 

(6.1.5) AA = BB 



^■^51 HanHcaji onpe^ejieHHsi h Teopeivibi b stom pasflejie corjiacHO onpe/],ejieHnio a<J)4)HHHoro 
npocTpancTBa b [3], c. 86 - 93. 
6-2[l3], p. 9. 
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6. D-adp(^iiuHoc npocTpaHCTBO 



yTBepjKfleHHe TeopeMbi cjie^yeT h3 paseHCTB (6.1.4) h (6.1.5). □ 
TeopeMa 6.1.4. Uycm-ba — AB. Tozda 

(6.1.6) BA^-a 

u 3mo paeeHcmeo He aaeucum om eu6opa moHKU A. 
^OKASATEJibCTBO. Ha paBCHCTBa (6.1.3) cjie^yeT 

(6.1.7) AB + BA^AA = 

PaBCHCTBO (6.1.6) cjie^ycT h3 paBCHCTBa (6.1.7). HpHMeHaH aKcnoMy (4) onpeflejie- 
HHH 6.1.1 K paBBHCTBy AB = CD nojiy^HM AC = BD, hjih, hto to jkc, BD = AC. 
B CHjiy aKCHOMbi (4) onpeflejieHHH 6.1.1 CHOBa cjie^yeT BA = DC. Cjie;],OBaTejii>HO, 

paBCHCTBO (6.1.6) He SaBHCHT OT BBl6opa TOHKH A. □ 

TeopeMa 6.1.5. CyMMa ecKmopoe a u b ne aaeucum om eu6opa mouKU A. 
flOKASATEJibCTBO. IlycTb a = AB = A' B' . IlycTb b = BC = B'C IlycTb 

AB + BC = AC 

A^' + B^' = A^' 
CorjiacHO aKCiiOMC (4) onpeflejieniiH 6.1.1 

(6.1.8) A^A = B^B^C^C 

IIpHMeHHH aKCHOMy (4) onpeflejieHHH 6.1.1 k KpaiiHHM HjienaM paBCHCTBa (6.1.8), 
nojiynaeM 

(6.1.9) A^' = AG 

Ha paBCHCTBa (6.1.9) cjie^ycT yTBcpjK^CHHC TCopcMbi. □ 
TeopeMa 6.1.6. CAODfcenue ecKmopoe accou^uamueHO. 

^OKASATEJibCTBO. IlycTb a = AB, b = BC, c = CD. Hs pascncTBa 

b =AC 



cjicflycT 
(6.1.10) 

Ha paBCHCTBa 

cjie^yeT 
(6.1.11) 



a 

AB + BC =AC 

(a + 6) + c = AD 
AC + CD =AD 

b + c = BD 
BC + CD = BD 

a + (b + c) = AD 
AB + BD =AD 



6.2. BasHC B £>-a434^HHHOM npocTpaHCTBC 
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Ha cpaBHeHHa paBencTB (6.1.10) h (6.1.11) cjieflyeT accoii,HaTHBHOCTi, cjiojKeHHa. 

□ 

TeopeMa 6.1.7. Ha MHomcecmee A onpedeAena cmpyKmypa a6eAeeou gpynnu. 

^OKASATEJibCTBO. Ha TeopeM 6.1.3, 6.1.4, 6.1.5, 6.1.6 cjie^yeT, hto onepamiH 
cjiojKeHHe BeKTopoB onpe;];ejiaeT rpynny. 

HycTb a = AB,b = BC. 

(6.1.12) ^ + L =5 

AB + BC ^ AC 

CorjiacHO aKCHOMe (3) onpeflCJienHH 6.1.1 cymecTsyeT TOHxa D TaKaa, hto b = 
AD = BC. CorjiacHO aKCHOMe (4) onpeflejieHHH 6.1.1 AB = DC = a. 

(6.1.13) AD + DC ^ AC 

b + a ^AC 

Ha cpaBHeHHs paBcncTB (6.1.12) h (6.1.13) cjie^yeT KOMMyTaraBHOCTb cjiOHcemiH. 

□ 

TeopeMa 6.1.8. Omo6pacitceHue 

(6.1.14) A^A* 

onpedeACHHoe paeeHcmeoM (6.1.1), fieAsiemcfi d^^eKmuenuM npedcmaeACHueM a6e- 
Aeeou gpynnu A. 

^OKASATEJTbCTBO. AKCHOMa (4) onpeflejieHHH 6.1.1 onpeflejiaeT OTo6pa>Ke- 
HHe (6.1.14). Ha TeopeMbi 6.1.5 cjieflycT, hto OTo6pa}KeHHe (6.1.14) HBjiaeTca npefl- 
CTaBjieHHeM. 3(J)4)eKTHBHOCTi> npeflCTaBjieHHH cjieflyei h3 TeopeMbi 6.1.3 □ 

Onpe/i;ejieHHe 6.1.9. HycTb D - tcjio xapaKTepiiCTiiKii 0. BcjscjDeKTHBHoe npefl- 
CTaBjieHHe Tejia D b a6ejieB0H rpynne A nopojKflaeT 6ainHio npeflCTaBjieHHii 

(6.1.15) A = {{D,A,A),(v^dv,A-^A + v)) 

BaniHH npeflCTaBjieHHii (6.1.15) HaabiBaeTCH £'-a4)4)HHHBiM npocTpancTBOM. 

□ 

6.2. BasHC B Z?-a4)4)HHHOM npocTpancTBe 

TaK KaK _D-a4)4)HHHoe npocTpancTBO HBjiJieTCH 6amHeii npeflCTaBjieHHii (6.1.15), 
TO MM 6y;i,eM nojibaoBaTbCH KopTesKeM 

{aeA,BeA) 
fljisi npeflCTaBjieHHs sjieMeHTa a4)4)HHHoro npocTpancTBa. 

o 

Mbi Bbi6epeM TOHKy O G A KaK naHajibHym TOHKy aeJjcJjHHHoro npocTpancTBa 

A. BeKTop OA G A HBjiaeTCfl: KOop/i,HHaTOH tohkh A. OflnaKO, TaK KaK mbi MoaceM 
onpeflejiHTb D*<,-6aaHC e b bcktophom npocTpancTBe A, mbi MOJKeM OTOJK^ecTBHTb 

KOOpflHHaTBI A^, ...,A" BeKTOpa OA C KOOpflHHaTaMH TOHKH A OTHOCHTejIBHO 6a- 

aHca (e, O). 
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6. L>-a4)4^HHHOc npocTpaHCTBO 



Onpe/i,ejieHHe 6.2.1. D*,-a4)4)HHHbra 6a3HC (e. O) ~ O) - sto MHOxcecTBO 
£'**-jiHHeHHO HesaBiicHMbix BCKTopoB ei = OAi = {ej, e") c oGmeft Ha^ajiBHOH 

TOHKOfi O = (0\...,0"). □ 

Onpe/i,ejieHHe 6.2.2. MHoroo6pa3He _D*,-5a3HCOB B{D*^,An) acJxJjHHHoro 
npocTpaHCTBa - sto MHOJKecTBO Z3**-6a3HCOB 3Toro npocTpancTBa. □ 

OToGpasceHHe 6a3Hca (e, O) b SasHC (e', O') mojkho npeflCTaBiiTB Kax komho- 
svLUfiK) OTo6pa}KeHHJi GasHca (e, O) b SasHC (e, O') h iI'*^-jiHHeHHoro OTo6pa>KeHHH 
6a3Hca (e, O') b 6a3HC (e',0'). Cjie;];oBaTejiBHO, D*»-npeo6pa30BaHiie iiMeeT bh^ 

e ~ A ^.e 

o' = + oh' 

BbO^H KOOpflHHaTbl A^,...,A" TOHKH A G An KaK KOOpflHHaTbl BeKTopa OA 

OTHOCHTejiBHO 6a3Hca e, mbi MO>KeM 3anHcaTb jiHuefiHoe npeo6pa30BaHiie KaK 

(6.2.1) A'' ^ A^ jP' + W rank.. P = n 

(6.2.2) A'\e^(A\P + R)\e 

BeKTop (i?^, i?") BbipajKaeT CMemenHe b a4)4)HHHOM npocTpancTBe. 

TeopeMa 6.2.3. MHOotcecmeo npeo6pa3oeaHuu (6.2.2) - smo zpynna JIu, Komopym 
Mu o6o3HaHUM GL{An) u 6ydeM Haaueamt rpynnoii a4)4)HHHi>ix npeoGpaso- 

BaHHH. 

^OKASATEJTbCTBO. PaccMOTpiiM npeo6pa30BaHHH (P,R) h {Q,S). ITocjieflO- 
BaTejiBHoe BbinojineHHe sthx npeo6pa30BaHHH HMeei bh;; 

A"' = A'^ jQ' + S' A" ^iA'\Q + S)%e 

= (A'' kP' + R') jQ' + S' = iiA%P + R)%Q + S)%e 

= A'' uP' + + = {A\P\Q + R\Q + S)\e 

CjieflOBaTCjiBHO, mbi MOJKeM 3anHcaTb npoH3BefleHHe npeo6pa30BaHHii (P, R) h (Q, S*) 

B BH/I,e 

(6.2.3) (p, i?)%(g, 5) = (p%Q, p%g + 5) 

□ 

Mbi 6yfleM Ha3biBaTb axTHBHoe npeo6pa30BaHiie aejMjjHHHbiM npeoGpasona- 
HHeM.Mi,! 6yfleM Ha3biBaTb naccHBHoe npeo6pa30BaHHe KBasHacJxJjHHHBiM npe- 
o6pa30BaHHeM. 

ECJIH Mbl He 3a60THMCH O HaHajIBHOH TOHKe BCKTOpa, MBI nOJiy^HM HeCKOJIBKO 

OTjiHHHbiH THn npocTpancTBa, KOTopoe mbi 6yfleM Ha3fciBaTb Li;eHTpo-a4)4)HHHbiM 
npocTpancTBOM CA„. Ecjih mbi npeflnojiojKHM, hto HanajibHaH TOHKa BeKTopa - sto 

Ha^ajIO O KOOpflHHaTHOH CHCTCMbl B npOCTpaHCTBC, TO Mbl MOJKeM OTOJKfleCTBIITb 

jiio6yK) TOHKy A e CA„ c BeKTopoM a ~ OA. Tenept npeo6pa30BaHHe - sto npocTO 
OTo6pa>KeHHe 

a'' = Py detP^O 
H TaKHC npeo6pa30BaHHa: nopojKflaiOT rpynny JIh GL„ . 

Onpe/i;ejieHHe 6.2.4. LI|eHTpo-a4)4'HHHbiii 6a3HC e = (ei) - sto MHO»cecTBO 

JIIIHeilHO He3aBHCHMIjIX BCKTOpOB Bi. □ 



6.2. BasHC B £>-a434^HHHOM npocTpaHCTBC 
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Onpe/i;ejieHHe 6.2.5. MHoroo6pa3He 6a3HCOB B{CAn) u;eHTpo-a4>4)HHHoro 
npocTpaHCTBa - sto MHOJKecTBO 6a3HCOB SToro npocTpancTBa. □ 



FjiaBE 7 



Ebkjih^obo npOCTpaHCTBO 



7.1. Ebkjih^obo npocTpaHCTBO 

ITycTb V - D-BCKTopHoe npocTpancTBO. BHjiHHeiiHoe OToGpajKeHne 

g -.V xV ^ D 

MOJKHO npeflCTaBIITb B BHfle 

g{v,w) = ijg{v\w^) 
rfle ijg - GHjiHHeftHoe OToGpasKeHHe 

,jg -.D^^D 
Onpe/i;ejieHHe 7.1.1. BHjiHHeiiHoe OTo6pajKeHHe 

g:VxV^D 
HasbmaeTca CHMMeTpHHHMM, ecjiH 

g{w,v) = g{v,w) 

□ 

Onpe/i,ejieHHe 7.1.2. BiijiHEeflHoe OTo6pa}KeHHe 

g -.V xV ^ D 

HasbiBaeTCH 3bkjih/],obijIM CKajinpHbiM npoHSBe^eHHeM b D-BeKTopnoM npo- 
CTpancTBe V, ecjm ag - sbkjihaobo CKajiapnoe npoHSBCfleHHe b Tejie D ii ijg ~ 
AJiH j. □ 

Onpe/i,ejieHHe 7.1.3. BiijinHefiHoe OToGpajKeHne 

g -.V xV ^ D 

HasbiBaeTCH nceB;];o3BKJiH/j,OBbiM CKajiHpHbiM npoH3Be/i;eHHeM b Z^-BCKTop- 
HOM npocTpaHCTBe V, ecjin ug - nceBfl03BKjiH/i,0B0 CKajiapnoe npoH3Be;i,eHHe b lejie 
D H ijg = fljia i =^ j ■ □ 

EcjiH B Tejie D onpe/iejiena onepaLi,HH spMHTOBa conpHJKCHHH, to mbi MOJKeM 
3Ty onepan,Hio pacnpocTpanHTb na D-BCKTopHoe npocTpancTBO V, a HMeHHO pjisi 
^aHHoro BeKTopa TJ — ie mbi onpeflejiHM apMHTOBO conpHxceHHBitt BeKTop 

V* = {v'T .e 

Onpe/i;ejieHHe 7.1.4. BajinHefiHoe OTo6pa>KeHHe 

g:V xV 

HasbiBacTCH apMHTOBbiM CKajiHpHBiM npoH3Be/i;eHHeM B D-BeKTopHOM npo- 
CTpaHCTBe V ^ ecjiH ag - spmhtobo CKajiapnoe npoHSBe^eHHe b Tejie D n ijg — 
AJiH i ^ j. □ 
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7. EBKJIHflOBO npocTpaHCTBO 



7.2. Ba3HC B GBKJiHflOBOM npocTpaHCTBe 

Kor^a MM onpeflejiHCM MeTpiixy b ii,eHTpo-a4)4)HHHOM npocTpancTBe, mm no- 
jiy^aeM HOByro reoMeTpiiio noTOMy, hto mbi MOJKeM HSMepHTb paccTOHHiie h ^jih- 
Hy BeKTopa. Ecjih MeipuKa nojiojKHTejiBHO onpeflejiena, mbi 6y;i,eM nasbiBaTB npo- 

CTpaHCTBO eBKJIHflOBbIM £„, B npOTHBHOM CJiyHaC Mbl 6yflfiM HaSblBaTB npOCTpaH- 
CTBO nCeBflOeBKJIHflOBblM £nm- 

npeo6pa30BaHHH, KOTopbie coxpanHiOT fljinny, o6pa3yK)T rpynny JIh SO{n) 
fljiH eBKjiHflOBa npocTpancTBa h rpynny JIh SO{n,m) p^jisi nceBflOSBKjinflOBa npo- 
CTpancTBa, r^e n vi m, nncjia nojiojKHTejnjHbix n OTpHn,aTejn3Hbix cjiaraeMbix b mct- 
pHKe. 

Onpe/i,ejieHHe 7.2.1. OpTOHopMajibHBiii 6a3HC e = (e,) - sto MHOJKecTBO jih- 
neiino nesaBncHMBix BCKTopoB TaKHx, hto fljinna KajK^oro BeKTopa paBna 1 n 
pasjinnHBie BeKTopbi opToronajibnbi. □ 

Onpe/i;ejieHHe 7.2.2. MHoroo6pa3He 6a3HCOB B{£„) eBKJiH/i;oBa npocTpan- 
CTsa - 3TO MHOJKecTBO opTonopMajiBHBix 6a3HCOB SToro npocTpancTBa. □ 

Mbi 6y;i,eM nasbiBaTb aKTHBHoe npeo6pa30BaHHe /i;BH»ceHHeM. Mti GyflfiM na- 
3biBaTb naccHBHoe npeo6pa30BaHHe KBasHflBH^KeHHeM. 



FjiaBa 8 

MaxeMaTHHecKHH anajiHS b D-acJjcJjHHHOM 
npocTpancTBe 

8.1. KpHBOJiHHeHHbie Koop^HHaTbi B ZJ-acJxJjHHHOM npocTpaHCTBe 

— > 

IlycTb A - _D-a4)4)HHHoe npocTpancTBO nafl HenpepbiBHbiM lejio D.^'^ 
IlycTb (le, „e, O) - _D**-6a3HC aeJjcJjHHHoro npocTpancTBa. ^Jia viayKpflTO i, 
i = 1, i = n, onpeflejiHM OToGpajKeuHe'' "' 

(8.1.1) x^:D^A v'^O + vUe 

JXjIH npOHSBOJIBHOH TOHKH M(w') MM MOJKeM SaHHCaTB BeKTOp OAI B BHfle JIHHeH- 
HOtt K0M6HHail,HH 

OAI ^x,iv') 

o 

Mbi MO>KeM paccMaTpiiBaTb MHOJKecTBO KOopflHHaT acJxJjHHHoro npocTpancTBa A 

KaK rOMeOMOp4)H3M 

/ : 1 ^ £>" 

ECJIH rOMeOMOp4)H3M 

/ : 1 ^ £>" 

HBJiaeTCH npOHSBOJIbHblM OToGpajKeHHCM OTKpblTOrO nOflMHOJKeCTBa £)-a4)4)HHHoro 

npocTpancTBa b OTKpbiToe noflMHOJKecTBO MHOJKecTBa D", to mm Sy^eM roBopnTb, 

HTO 06pa3 TOHKH A npH 0T06pa}KeHHH / HBJIHeTCH KpHBOJIHHeiiHBIMH KOOpflH- 

HaTaMH TOHKH ^, a OTo6pa>KeHHe / 6y^eM nasbiBaTb CHCTeMoit KOopflHHaT. Ecjih 
;i,aHiji flBe chctcmbi KOop^HHaT, fi ii to OTo6pa>KeHHe g — /i/^^ HBjiHeTca ro- 

MeOMOp4)H3MOM 

— ^ 3j ^ ' ■ ' 7 ) 

H Ha3biBaeTCH npeo6pa30BaHHeM KOopfliinaT. npeo6pa30BaHHe KOopflHHaT, nopojK- 
;i,eHHoe acJxJjuHHbiM npeo6pa30BaHHeM, mojkho paccMaTpHsaTb KaK HacTHbift cjiy- 
naii. 

SaMenaHHe 8.1.1. PaccMOTpiiM noBepxHOCTb S b acJjcJjHHHOM npocTpancTBe, onpe- 
^ejiCHHyio ypaBHeHHCM 

/ : ^ £> 



B 3TOM pasflejie h Hsy^iaio KpiiBOJiiiHeHHbie KOOp^iiHaTM aHajiorHH:HO TOiviy, KaK sto c^ejiano 
B [3], rjiaBa V. 

®'^B paBeHCTBe (8.1.1) hbt cyiviMbi no HH^eKcy i. 
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8. MaTCMaTHMCCKHH aHajiH3 B Z)-a434^HHHOM npocTpaHCTBe 



IlycTb M(a;*) - npoHSBOJibHaa TO^Ka. Majioe HSMeneHHe KOop;i,HHaT tohkh 

= x' + Ax' 

npHBOflHT K MajIOMy HSMeHeHHK) 4)yHKD;HH 

A/ = a/(x)(Ax) 

B HacTHOCTH, ecjiH 6ecKOHeHHO 6jiH3KHe TOHKH Mix^) H L[x^ + Ax') jiejKaT Ha 

o;i,HOH noBepxHOCTH, TO BeKTop npHpameHHH ML = Ax y^OBjieTBopHeT flnejjcjje- 
peHn,iiajii>HOMy ypaBHeHiiio 

9/(x)(Ax)=0 
H nasbiBaeTCH BeKTopoM, KacaTejibHbiM k noBcpxHOCTH S. 

TaK KaK npoii3BOflHaa FaTO OTo6pajKeHiiH / b tohkc X HBjiHeTca jiHHefiHbiM 
OTo6pa>KeHiieM, to STa npoHSBOflnaa HBjiaeTCH l-D-4)opMOH. PaccMOTpHM MHOJKe- 

CTBO l-£)-4)0pM 

cix' = ^ 
ox 

O^eBHAHO, HTO 

dx^ 

dx^a) = -T^{a) = (x' + aM - x' = a' 
ox 

ripOHSBOflHyiO FaTO npOHSBOJIBHOII 4)yHKD,HH MOJKHO npCflCTaBHTb B BHfle 

dm ^ dm (dxi\ ^ dm 

dx 5x* \dx J dx^ ^ ' 

CjieflOBaTCjiBHO, npoHSBOflnaa: FaTO 4)yHKii,Hii / HBjiaeTCH jiHHeiiHoii KOM6HHa]j;Heii 
dx\ IlycTb 

5 : ^ L>" 

X — X {^X ^ ' * ' ? *^ ) 

npeo6pa30BaHiie KOopflnnaT aeJjcJjHHHoro npocTpancTBa. Hs npaBHjia flH4)4)epeHii,H- 
poBamiH cjiojKHOii (^ynvusfm (TeopcMa [10]-6.2.12) cjieffyei 



dx dx^ \ dx J dx^ 
Koop;i,HHaTHaH jihhhh - sto KpHsaa, Bflojib KOTopoft HSMenaeTCH tojibko Oflna 
KOop^HHaTa X*. Mbi 6y^eM paccMaTpHBaTb KOop^HHaTHyio KpHByio KaK KpHByio, 
HMeromyio KacaTejibHbiii BeKTop 

(8.1.3) :j,(s)(„) = g(„) 

HycTb TOHKa O iiMeeT KOop^HHaTbi x. Mho^kcctbo bcktopob xi, x„ HBjiaeTCH 
6a3HC0M aeJjcjDHHHoro npocTpancTBa 

(xi (x), x„(x), x) 

(8.1.4) v = x,{x){v') 
HycTb 

x" = x'*(x\...,x") 



8.2. IlapajijiejitHbiH ncpcHoc 
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npeo6pa30BaHHe KOopflnnaT aeJjcjjHHHoro npocTpancTBa. H3 npaenjia flH(J)4)epeHn,H- 
poBanHH cjiojKHOH 4)yHKri,iiH (leopeMa [10]-6.2.12) cjie/i,yeT 

(8.1.5) = = g = 

H3 cpaBHeHHs paseHCTB (8.1.4), (8.1.5) cjieflyei saxoH npeo6pa30BaHHH KOopflHuaT 

BCKTOpa 

(8.1.6) ^^-IS^"') 

IIpHMep 8.1.2. PaccMOTpHM jiHHeiiHoe npeo6pa30BaHiie KOopflimaT 



.1.7) 



11 



ax^b + ax'^c 



X 

x'"^ = x^ + x'^ 



Torfla 

(8.1.8) xi=x'2-a;2 

x'^ =a(x'^ — x^)b + ax^c ~ ax'^b + ax^{c — b) 

(8.1.9) ax^{c-b)^x''^ -ax'^b 

H3 paseHCTB (8.1.8); (8.1.9) cjieflyei o6paTHoe npeo6pa30BaHHe 



X 



2 



a-^x'^c-b)-^ ^x%{c-b)-^ 



(8.1.10) x^ = x'^ - a-^x'\c - b)-^ + x'H{c - b)-^ 

= -a-^x'^{c - b)-^ + x'2(l + b[c - b)-^) 
H3 paseHCTB (8.1.7) cjie^yeT 3aK0H Hpeo6pa30BaHHH l-D-eJjopM 

dx'^ — adx^b + adx^c 

dx'^ = dx^ + dx^ 

H3 paseHCTB (8.1.6), (8.1.10) cjie^ycT 3aK0H npeo6pa30saHHs KOopflnnaT scKTopa 
=- a-^v'\c - b)-^ + «'2(1 + b{c - 6)-i) 
^a-^v'\c - b)-^ - v%{c - b)-^ 

□ 

8.2. napajiJiejiBHMH nepeHoc 

IlyCTb S TOHKe SCKTOp V HMeCT KOOpflHHaTBI Ug. IlyCTb seKTop A/qA/i hbjih- 

CTCH BCKTopoM GecKOHCHHO Majioro CMen;eHnH. IlycTs A^o = + u, A^i = A/i + TJ. 

H3 aKCHOMBI 3 OHpeflejieHHH 6.1.1 KOOp^HHaTbl BCKTOpOS MqNq H AIlNl pasHBi. 

KaK 3T0 nocTpocHHe 6yfleT stirjiHfleTb s KpHsojinHCHHsix KOop;i,HHaTax? 

Msi nojiaracM 4)yHKn,HH v''{x) HenpepsisHO /];H4)4)epeHn,HpyeMsiMH s cmbicjic 
FaTO. CjieflosaTejiBHO, scKTopbi jiOKajisHoro penepa xt 11 KOop;];HHaTbi scKTopa 
HsjiHKJTCH HenpepsiBHO flH4)4)epeHn,HpyeMbiMH s cmbicjic FaTO 4)yHKn,HflMH. B toh- 
KC M{x) CHpasefljiHso pascHCTso 

(8.2.1) v = x,{x)iv\x)) 



70 



8. MaTCMaTHMCCKHH aHajiH3 B D-adpdpuHnoM npocTpaHCTBe 



TaK KaK V = const, to, flHcJjcjDepeHrtiipys paseHCTBO (8.2.1) no x, nojiynnM 

(8.2.2) = ?^(v^)(a) + x,ix) (^^(a) 
Ha pasencTB (8.1.2), (8.2.2) cjieflycT 

(8.2.3) o^^iv^)ian + x.{x)(^^{an 
dX'i (x) 

BtipajKenne — — (w')(a^) HBjiaeTCH bcktopom acJjtjDnnnoro npocTpancTBa n b 

ox^ 

jiOKajiBHOM 6a3Hce Xi [x) sto BbipajKenne hmcct pasjiojKCHHe 

(8.2.4) ?^i^^^)(^a^)^^^ijs)^Y%{v^){a^)) 

T}\e - GnjinneltHbie OTo6pa}KenHH, naatiBaeMbie K034)4)Hu;HeHTaMH cbhshocth 
B D-a<J)4)HHHOM npocTpaHCTBe. Hs paBencTB (8.2.4), (8.2.3) cjie^yeT 

(8.2.5) Q=M^){y%{v'){a^))+x.,{x) —{a^) 



dx3 

TaK KaK Xk{x) - jiOKajibHtiii 6a3HC, to h3 paBencTBa (8.2.5) cjie^yeT 



Q = Xk{x)[T%{v^){a^) + —{a') 



(8.2.6) Q = T%[v^)(^a^) + ^{a^) 

TaK KRK a - npoHSBOJibHbiii BCKTop, TO paBCHCTBO (8.2.6) Mo:acHO sanHcaTb b BH;i,e 

(8.2.7) Q^Y%{v^) + — 



TeopeMa 8.2.1. B a(p(fiuHHOM npocmpaHcmee 
(8.2.8) r%{v^){a^)=T'l^{v^){a^) 
^OKASATEJlbCTBO. CorjiacHO paBencTBy (8.1.3) 

CorjiacHO TeopeMe [10]-9.1.6 

PaBCHCTBO (8.2.8) cjie^ycT h3 paBcncTB (8.2.4), (8.2.10). □ 
IlycTb 

X — X {^X • • • •) X ) 



8.2. IlapajijiejitHbiH ncpcHoc 
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npeo6pa30BaHHe KOopflnnaT a(J)4)HHHoro npocTpancTBa. npoflH(j343epeHu,HpyeM pa- 
BeHCTBO (8.1.5) no x'^ 

(8.2.11) _ fdx'' 



dx"^ \dx'^ J \dx''Wx"- 

Ha paBCHCTB (8.2.4). (8.2.11) cjie^yeT 

(C. (!!;(<.")) + aS?<"' ■'■"') 

Ha paBCHCTB (8.1.5), (8.2.12) cjic^ycT 
x'^{x'){T%[v'^)[a'^)) 

Ha paBCHCTBa (8.2.13) cjicflycT 



3xr V^-la^(^ V 



FjiaBa 9 



MHoroo6pa3He D-acJjcJjHHHOH CBasHOCTH 

OcHOBHaa aaflana SToii rjiaBbi - ^aTb oSmee npeflCTaejieHHe o Tex sa^anax, ko- 
Topbie Heo6xoflHMO 6yfleT pemaTb b npon,ecce HsyneHHa flHcjac^epeHi^HajibHoft reo- 

MeTpHH. 

9.1. MHoroo6pa3He D-acJxJjHHHoii cbhshocth 

Onpe/i;ejieHHe 9.1.1. PaccjioeHHoe Li;eHTpajibHoe D-acJxJsHHHoe npocTpancTBO na- 
3biBaeTCH MHoroo6pa3HeM D-acJxJjHHHoft cbsishocth. □ 

Mbi nojiaracM, hto pasMepnocTb 6a3M paBHa pasMepnocTH cjioa. 3to no3BO- 
jiaeT OTOJK^ecTBHTb cjioii c KacaTejitHbiM npocTpancTBOM k 6a3e. PaccMOTpHM o6- 
jiacTb U MHorooGpasHH, b KOTopofl onpeflejien roMeoMop4)H3M 

TaK jKe KaK h b cjiynae acJxJjiiHuoro npocTpancTBa mbi b KajKflOM cjioe onpeflejiHM 

JIOKajIBHblH 6a3HC 

_ dx 

Mbi nojiaraeM, hto OToGpajKemie MejKfly cjiohmh aBjiaeTca: mop4)H3mom Li,eH- 
TpajiBHoro _D-a4)4)HHHoro npocTpancTBa 

dv = T{v){ctx) 

rflfi 6iijiiiHeHHoe OTo6pajKeHHe F Ha3biBaeTCH D-acJjcJjHHHoft cbhshoctbio. B jio- 
KajiBHOM 6a3Hce CBa:3HOCTb mojkho npe/i,CTaBHTb xax MHOKecTBO 6HjiiiHeiiHBix (JjyHK- 

nv){a)=x,{x){T';,{v^){a^)) 
KOTopbie Ha3biBaK)TCH KoacJjcJjHi^HeHTaMH D-acJjcJjHHHoii CBSI3HOCTH. ITpH ne- 

pexofle OT CHCTeMbi KOopfliinaT x k CHCxeMe KOopflnnaT x' K034)4)Hu,HeHTbi D-ael)- 
(Jdhhhoh CBS3HOCTH npeo6pa3yiOTca corjiacHO npaBHjiy 

r;?(»'')(«") 

KoBapnaHTHaH npoii3BOflHaa: BCKTopHoro nojia v HMeeT bh^ 
D{v){dx) = d{v){dx) - T{v){dx) 
BcKTopHoe nojie v napajijiejiBHO nepenocHTCH b ^aHHOM nanpaBjieHHH, ecjiH 

d(v){dx)^T{v)idx) 
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9. MHoroo6pa3HC D-ac^t^HHHoft cbhshocth 



EcjiH X ~ x{t) - OTo6pajKeHHe nojis flefiCTBHTejiBHbix ^iiiceji b paccMaTpHeaeMoe 
npocTpancTBO, to 3to OTo6pajKeHHe onpe^ejiHeT reo/^eanHecKyro. ecjiii KacaTejiB- 
Hbiii BCKTop napajijiejiBHO nepenocHTca b^ojib reoflesHHecKofi 

(9.1.1) d{dx{dx)){dx) = T{dx){dx) 
ypaBHCHHe (9.1.1) SKBHsajieHTHO ypaBHeHHK) 

(9.1.2) d'^xidx; dx) = r{dx){dx) 
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FjiaBa 11 



Ilpe^MeTHMH yKasaTejib 



Z)-a<J)4)HHHa5I CBHSHOCTb Ha MHoroo6pa3HH 
a4)<J)HHHOH CB5I3HOCTH 73 

D**-a4)<|)HHHi>m 6a3HC 62 

T^T-npeflCTaBJieHHe 5^-ajire6pbi A b S)- 

ajire6pe M 9 
★T-npeo6pa30BaHHe 9 

T*-npeflCTaBJieHHe 5^-ajire6pbi A b S)- 

ajire6pe M 9 
TTir-npeo5pa30BaHHe 9 

aBTOMOp<|)H3M 6amHH npe^CTaBJieHHH 36 
aBTOMop{J)H3M npeflCTaBJieHHH ^?-ajire6pbi 
22 

5a3nc SamHn npe^CTaBJienHH 43 
5a3HC npe/i,CTaBJieHHH 28 
SaniHH no/],npe/i,CTaBJieHHH 38 
SaniHH noflnpe;];cTaBjieHHH 6amHH 

npe^CTaBjieHHH /, nopo:a<;;],eHHaa 

KOpTe?KeM MHOiHCeCTB ^[1] 40 

SamHH npeflCTaBJieHHH i5-ajire6p 31 

rpynna a4>4>HHHbix npeo6pa30BaHHH 62 

flBH^ccHHe Ha MHoroo6pa3HH 6a3HCOB 66 

H30MOp4)H3M npe^CTaBJieHHH 5^-ajire6pbi 20 

KaTeropHH TtIt- npeflCTaBJienHH 5^-ajire6pbi 
A 22 

KaTeropHH T7ir-npe/i,CTaBJieHH:H 5^-ajire6pbi 

H3 KaTeropHH ^16 
KBaflpaTHMHasi 4>opMa na TCJie 55 
KBa^paTHMHoe OTo6pa?KeHHe Tejia 52 
KBa3Ha4)<|)HHHoe npeo6pa30BaHHe na 

MHoroo6pa3HH 6a3HCOB 62 
KBa3H;i;BH?KeHHe na MHoroo6pa3Hn 6a3HCOB 

66 

KOJibLi,o HMeeT xapaKTepHCTHKy 47 
KOJibLi,o HMeeT xapaKTepHCTHKy p 47 

KOOp^HHaTbl SJlCMCHTa TTL OTHOCHTeJIbHO 

MHO?KecTBa X 26 



KOpTe:»c KOOp^HHaT sjieMCHTa a 

OTHOCHTejibHO KOpTe:»ca mho^kcctb 
40 

KOpTe^K MHOyKecTB o6pa3yiOHi,Hx SamHH 

HO^Hpe^CTaBJieHHH 40 
KopTe^K MHO»cecTB o6pa3yiOH],Hx SamHH 

npe/i,CTaBjieHHH 40 
KOpTe:»c CTa6HJibHbix MHo:H^ecTB 6amHH 

npeflCTaBjieHHH 38 

K03(|)(i)HH;HeHTbI Z)-a4){J)HHHOH CB5I3HOCTH 

Ha MHoroo6pa3HH 73 

K034){J)HH,HeHTbI CB5I3HOCTH B Z)-a4>4)HHHOM 

npocTpancTBe 70 

KpHBOJlHHeHHbie KOOpflHHaTbl TOMKH 

a4)4)HHHoro npocTpancTBa 67 

jieBOCTOpOHHee Hpe^CTaBJienHe 5^-ajire5pbi 

A B i^-ajire5pe M 9 
jieBOCTopoHHee npeo6pa30BaHHe 9 
jiyna aBTOMop4>H3MOB Hpe;],CTaBJieHH5i 22 

MaTpHU,a 6HJIHHeHHOH 4>yHKH,HH 51 

MaTpHn,a KBaflpaTHHHoro OTo5pa:aceHHa 54 
MHoroo6pa3He D-a(|)4)HHHOH cbh3hocth 73 
MHoroo6pa3He D**-6a3HCOB a<J)4)HHHoro 

npocTpancTBa 62 
MHoroo6pa3He 6a3HCOB eBKJiHflOBa 

HpocTpancTBa 66 
MHoroo6pa3He 6a3HCOB u,eHTpo-a4)<i>HHHoro 

HpocTpancTBa 63 

MHOJKeCTBO KOOp/],HHaT HpeflCTaBJieHHH 26 

MHO»cecTBO KopTe^ceii KOop^HnaT 6amHH 

npe/i,CTaBJieHHH 40 
MHO?KecTBO o6pa3yiomHx 

no^npe^CTaBJieHHsi 25 
MHo:»cecTBO o6pa3yiomHx npeflCTaBJienHH 25 
MOp4)H:3M H3 6amHH Tvr-npeflCTaBJieHHH b 

5amHio T*-npeflCTaBJieHHH 33 
MOp4)H3M npe^CTaBJieHHH 5-ajire6pbi b S)- 

ajire6pe 11 
MOp4>H3M npe^CTaBJieHHH H3 / B 11 

HeBblpOyK^eHHaSI 6HJIHHeHHaH 4*yHKLI,HH 51 
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npc;];MCTHE.iH yKaaaTCJib 



77 



HeBI>IpO:»CfleHHI>IH 3h^omop4>h3M 
npe/^CTaBJieHHH 25 

o/i;HOTpaH3HTHBHoe npe^^CTaBJieHHe ^- 

ajire6pi>i A 10 
opTOHOpMajiBHbiii 5a3HC 66 

no/],npe;],CTaBjieHHe npe;];cTaBJieHH5i 24 
no^npe^CTaBJieHHe, nopo:ac;],eHHoe 

MHo:»cecTBOM X 25 
npaBOCTOpOHHee npe^CTaBJieHHe 5-ajire6pbi 

A B i^-ajire6pe AI 9 
npaBOCTopoHHee npeo6pa30BaHHe 9 
npe^CTaBJieHHe 5-s^re6pi>i A b i5-ajire6pe 

M 10 

npe/i,CTaBjieHHe J^-ajire6pi>i b 6amHe 

npe/],CTaBjieHHH 33 
npeflCTaBjieHHe J^-ajire6pi>i b 

npe^cTaBjieHHH 32 
npeoSpasoBaHHe io-ajire6pi>i 9 
npeoSpasoBaHHe, corjiacoBaHHoe c 

SKBUBaJieHTHOCTbK) 1 6 

npoH3BefleHHe mop<J)H3mob 6amHH 

npe^CTaBJieHHH 35 
npoH3BefleHHe mop<J)H3mob npeflCTaBJieHHH 

5^-ajire6pbi 15 
nceB/i,03BKjiHflOBa MeTpHKa na xejie 57 
nceBfl03BKjiH/i,0B0 CKajiHpHoe npoH3BeAeHHe 

B D-BeKTopHOM npocTpaHCTBe 65 
nceB^osBKJinflOBO CKajiHpHoe npOH3Be/i,eHHe 

Ha TCJie 57 

paHr KBaflpaTHMHoro OTo6pa»:eHHH Tejia 54 

CHMMCTpHMHoe 6HJiHHeHHoe OTo6pa?KeHHe 

Z)-BeKTopHoro npocTpaHCTBa b Tejio 65 
CTa6HJibHoe mho^ccctbo npeflCTaBJieHHH 23 
CTaH^apTHaH KOMnoneHTa KBa^paTHMHoro 

OTo6payKeHH5i / na^ nojieM F 53 
CTaH/],apTHafl: KOMnoneHTa na^ nojieM F 

6HjiHHeHHoro OTo6pa?KeHHH / 51 
CTaH^apTHoe npe^CTaBJiCHHe 

KBaflpaTHMHoro OTo6pa?KeHHH TCJia 

Ha/; nojieM F 53 
CTan/^apTHoe npe^cTaBJiCHHe na^ nojieivi F 

6HJiHHeHHoro OTo6pa>KeHHii Tejia 51 
CTpyKTypHbie KOHCTaHTbi Tejia D na/i, 

nojieM F 49 

TpaH3HTHBHoe npe^cTaBJieHHe 5^-ajire6pbi A 
10 

ii,eHTp KOJibi^a D 47 

LI,eHTpO-a4>4>HHHbIH 6a3HC 62 

HeBbipo:»cfleHHbiH 3h^omop4>h3m 6amHH 
npe^CTaBJieHHH 40 

3BKJIHflOBa MCTpHKa Ha TCJIC 56 

3BKJiHflOBO CKajiHpHoe npoH3BefleHHe b D- 
BeKTOpHOM npocTpancTBe 65 



SBKJiH^OBO CKajinpnoe npoH3BefleHHe na 
Tejie 56 

3H/i,OMOp4)H3M 6amHH npe^CTaBJieHHH 36 
3H/i;oMop4)H3M 6amHH npe^cTaBjieHHH, 

BbipOiMCfleHHblH Ha KopTe?Ke mho^kcctb 

o6pa3yiom,Hx 40 
3HflOMOp4>H3M 6amHH npe^CTaBJieHHH, 

HeBbipo:»cfleHHbiH na KOpxe^Ke 

MHOyKecTB o6pa3yiomHx 40 
3HflOMOp4)H3M npeflCTaBJieHHH 5^-ajire6pbi 

22 

3HflOMOp4)H3M npeflCTaBJieHHH, 

Bbipo:»cfleHHbiH Ha MHO^KecTBe 
o6pa3yiom,Hx X 25 
3HflOMop4>H3M npe;i;cTaBjieHHH , 

HeBbIpO?KfleHHbIH Ha MHO?KeCTBe 

o6pa3yion;Hx X 25 
spMHTOBa MCTpHKa Ha Tejie 57 
3PMHTOBO CKajiiipHoe npOH3Be^eHHe b D- 

BeKTopHOM npocTpancTBe 65 
spMHTOBO CKajiHpHoe npoH3Be^eHHe na 

TCJie 57 

3pMHTOBO conp5i»ceHHe B Tejie 57 

SpMHTOBO COnp5I»ceHHblfi BeKTOp 65 

34)4>eKTHBHa5i 6amH5i T*-npe^CTaBJieHHH 
37 

34)(|>eKTHBHoe npeflCTaBJiCHHe 5^-ajire6pbi A 
10 
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Cnei],Hajii>Hi>ie chmbojibi h oGosHaneHHa 



A atJxi'HHHoe npocTpancTBO 61 

a* 3PMHTOBO conp^jKCHHe B Tejie 57 
2l(/) jiyna aBTOMoptJ^HSMOB 
npe^CTaBjieHHH / 22 



B{D* tJ^n) MHorooSpasHe _D**-6a3HCOB 

a434>nHHoro npocTpancTBa 62 
B{CAn) MHoroo5pa3He SaancoB 

i;eHTpo-a454>nHHoro npocTpancTBa 63 
B{£n) MHoroo6pa3He SasHCOB eBKjiHflOBa 

npocTpaHCTBa 66 
13 f CTpyKTypa Bcex no^npe^CTaBjieHHii 

npe^CTaBjieHHH / 24 
By CTpyKTypa 6ameH no^npeflCTaBjieHHfi 

6amHH npeflCTaBjieHHH / 39 
ijB^ CTpyKTypHBie KOHCTaHTBi xejia D 
Hafl nojieM F 49 

CAn u.eHTpo-atJ'ciJHHHoe npocTpancTBO 62 



(e, O) = [iC, O) acJxJ^HHHbiit SasHC 62 

En eBKJIHflOBO npOCTpaHCTBO 66 

Enm nCeBflOeBKJlIIflOBO npOCTpaHCTBO 66 



e = (ei) Li,eHTpo-a434)HHHi>iH 62 

e = ie-i) opTOHopMajiBHBiH 6a3iic 66 



CTaH^apTHaa KOMnoHCHTa 
KBa;^paTH"^Horo OTo6pa?KeHHs / na^ 
nojiCM 53 



GL{An) rpynna a<J)4)HHHbix 
npeo6pa30BaHHH 62 

J j- onepaTOp 3aMbiKaHH5i npe^CTaBJieHHa / 
_ 24 

J{/) onepaTOp saMbiKanHH 6amHH 
npe/^CTaBJieHHH / 39 



J(/,X[ij) 6amH5i no^npe^CTaBJieHUH 
SamHn npeflCTaBJieHHH /, 
nopo:»cfleHHafl: KOpTe^ceM mho^kcctb 
40 

A/* MHO?KecTBO ★T-npeo5pa30BaHHH 

MHo:acecTBa M 9 
*A/ MHO^KecTBO npeo6pa30BaHHii 

MHo:»tecTBa Af 10 
*A/ MHO?KecTBO T*-npeo6pa30BaHHH 

MHO^tecTBa M 9 

T ^ KaTeropHH T-^-npeflCTaBJieHHH ^- 

ajire5pbi A 22 
T A KaTeropHH T^-npeflCTaBjieHHH 5- 

ajire6pbi h3 KaxeropHH ^16 

V spMHTOBO conpH:»ceHHbiH BeKTOp 65 



W{f,X) MHO^KeCTBO KOOp^HHaT 

npeflCTaBJieHHH Jf(X) 26 
W(f,X^i^) MHO?KecTBO KOpTe:»ceH 

Koop/],HHaT 6amHH npe^CTaBjieHHfi 

w{a, f, X ^i^) KopTe:ac Koop/i,HHaT sjieivieHTa 
a OTHOCHTejibHO KOpTe^ca mho^ccctb 
40 

Xi{x) jiOKajibHbiit 6a3HC acJicJiHHHoro 
npocTpancTBa 68 

Z{D) ii,eHTp KOjibLi;a D 47 

(5 TO^KflecTBeHHoe npeo6pa30BaHne 9 

K03(J)4>Hi;HeHTbI CB5I3HOCTH B D- 

acJxJ^HHHOM npocTpancTBe 70 

r(v)(dx) CBa3HOCTb B D-a4)43HHHOM 

npocTpaHCTBe 73 

r?^j K03434)Hi;HeHTbI D-a434>HHHOH 
CB5I3HOCTH Ha MHOrOo6pa3HH 73 



78 



